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Abstract
A fundamental issue in modern science is the dark energy problem - the apparent acceler-
ating expansion of the universe. Many cosmological observations of the Cosmic Microwave
Background (CMB), Baryon Acoustic Oscillation (BAO) and weak lensing have been car-
ried out to try to understand the nature of this repulsive dark force. With the advent
of advanced experiments like the Square Kilometer Array we enter the era of precision
cosmology where measurements of effects such as weak lensing will be achieved at a sub-
percent level, implying strong constraints on dark energy. The full picture of weak lensing
includes linear and non-linear correction terms to its standard formula. In this thesis we
address the questions: Are some of these effects detectable? Under which conditions can we
safely neglect them such that the analysis of future weak lensing observations is not biased?
Induced by gravity, peculiar velocity of galaxies can potentially be used to probe the growth
of structure in our universe. Peculiar velocities induce a lensing-like effect, which we consider
as Doppler magnification. By developing new statistical tools which are based on Doppler
magnification, we investigate the dark energy problem. These new statistical probes also
enable us to explore the viability of other theories that attempt to account for the apparent
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Over the last few decades, many experiments have been conducted with the aim of testing
different proposed models that could best describe the universe. Each model has its own
caveats but so far, the concordance model, also known as Lamba Cold Dark Matter (ΛCDM)
is the most preferred by observations. The ΛCDM paradigm consists of Einstein’s General
relativity plus Λ which is known as dark energy – a yet unknown form of energy with neg-
ative pressure – to account for the recent apparent acceleration of the cosmic expansion.
Cold dark matter, which is a non-baryonic matter, hasn’t been detected yet but its exis-
tence is supported by various astrophysical observations like the bullet cluster [4] and the
flat rotation curve of spiral galaxies [5,6]. It also plays an important role in the hierarchical
clustering of matter in which structure is thought to start small but grows by attracting
more matter via gravity - the bottom-up picture. In ΛCDM model, dark energy (∼ 74%)
and cold dark matter (∼ 22%) make up the dominant part of the cosmic budget of the uni-
verse whereas the visible matter (stars and galaxies etc ...) constitutes only a few percents
(∼ 4%). Different experiments have been conducted in order to constrain this most favored
model of the universe.
Cosmic Microwave Background experiments
Well after the end of inflation, as the universe was expanding, the rate of scattering of the
baryonic contents by photons was roughly equal to the cosmic expansion rate, such that
the primordial plasma was no longer in thermodynamic equilibrium. At Tdec ∼ 3000 K [8],
the photons decoupled from matter and were able to free stream so the universe became
transparent. A Cosmic Microwave Background (CMB) experiment is designed to observe
this relic radiation from the epoch of recombination that occurred at z ∼ 1100. The CMB
is full of information and can give many insights into the geometry of the universe, the
matter content of the universe and the physics that took place during inflation. The latest
results from Planck [9] showed that the universe is flat with a spatial curvature very close
to zero |ΩK | < 0.005, favored the existence of Dark energy with equation of state parameter
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w = −1.006 ± 0.045 and are consistent with a simplest model of inflation. It is worth not-
ing that this constraint on the equation of state parameter w was obtained from combining
Planck lensing, Baryon Acoustic Oscillations (BAO), Joint Light-curve Analysis (supernovae
data) and H0 data.
Type IA supernovae
Supernovae type Ia also constitute powerful probes in modern cosmology. Due to the fact
that their physics is thought to be well studied and they roughly have the same absolute
magnitude make them good candidate for standard candles, objects known to have the same
intrinsic brigthness [10]. Once the apparent magnitude is obtained through observations, its







where m and M are the apparent magnitude and absolute magnitude respectively, dL is the
luminosity distance and K is a correction term. Its redshift can be measured using spec-
troscopy. On the background, the distance-redshift relation depends on the geometry and
the matter content of the universe such that for a cosmological model, one can infer the
cosmological parameters from measuring the distance. Supernova type Ia was indeed used
to show that expansion of our universe is accelerating due to a vacuum energy with negative
pressure (Λ) [12–14].
Baryon Acoustic Oscillation (BAO)
During the radiation era, perturbations in the primordial plasma generated sound waves
leading to acoustic oscillations which are imprinted in the cosmic microwave background
anisotropy and matter power spectrum. At decoupling, when the photons free-streamed, the
sound wave no longer propagated, leaving the baryons within a spherical shell around the
initial overdensity from which the sound wave originated. This is imprinted in the clustering
of galaxies at typical scale, known as sound horizon scale. In [15], the acoustic peak was first
detected in the galaxy correlation function using catalogue of luminous red galaxies in the
Sloan Digital Sky Survey (SDSS) at a scale of 150 Mpc. The feature is characterized by a
little bump at that scale in the real space correlation function. The BAO experiment consists
of measuring the location of the bump from which the ratio between the effective distance
DV , combination of the comoving angular diameter distance and the Hubble rate, and the
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comoving sound horizon scale rs are derived. This can be used to probe the acceleration of
the cosmic expansion and the structure growth [16,17].
Alcock-Paczynski test (AP)
One of the cosmological tests that is known to be assumption-free is the Alcock-Paczynski
test. The key idea is to measure how the ratio between the angular size and the radial size
of a spherically symmetric distribution of objects varies as a function of redshift. In [18], by
using AP test, it was concluded that the standard concordance model (ΛCDM) is the model
which is favored.
Weak lensing
Light emitted by a distant source gets deflected by the intervening matter along its way to the
observer. This deflection induces some distortion in the observed image of the object, char-
acterised by an elongation in one direction (shear) and magnification/demagnification of the
image of the object (convergence). The shear and convergence are now observables [19, 20].
Weak lensing turns out to be a very powerful probe in modern cosmology as outlined in [21]
where it was used to constrain cosmological models [22–24]. In chapter II, weak lensing will
be discussed more in detail.
In an era of precision cosmology, different independent experiments can be combined to get
more accurate constraints. Most of the methods listed above have also been used to probe
different alternative theory to General Relativity (GR) with a vacuum energy. In the next
section we will look at how peculiar velocities of objects can be used as a cosmological probe.
1.1 Why peculiar velocities?
1.1.1 Introduction
In linear theory, overdense regions grow denser by gravitational collapse – more matter falls
onto it due to gravity. The infall of objects gives rise to what is known as peculiar motion, a
small deviation relative to the Hubble flow. As will be discussed, peculiar velocity is a very
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good cosmological probe to study the structure growth.
Over-densities induce peculiar velocity as described by the continuity equation on sub-horizon
scales [11]
δ′ + ikv = 0, (1.2)
where δ is the matter density perturbation, v the velocity, k the wavenumber and prime
is the derivative with respect to conformal time. Using the fact that the time dependence
of the density fluctuations of matter is encoded in the growth factor D, solution to the
evolution equation of density perturbations describing how matter grows at late time, in
linear perturbation theory, we thus have [11]




We can now introduce the dimensionless growth rate f defined as the logarithmic derivative
of the growth factor with respect to the scale factor a
f = d lnD
d lna . (1.4)
A very good appromixation of the growth rate which is often used is a power law of the
form [25]
f ≡ Ωγm (1.5)
where Ωm is the matter density parameter and γ the growth index whose best fit in ΛCDM
is γ ≈ 0.55 but takes different values in different theories of gravity. Changing the time
derivative to a derivative with respect to the scale factor in Eq. (1.3) while exploiting Eq. (1.4)
amounts to
v(k, a) = if(a)H(a)aδ(k, a)
k
, (1.6)
where H(a) is the Hubble rate. In real observations, what is measured is the real space









where δg(r) denotes galaxy overdensity which is related to the matter fluctuations via a
linear bias factor b
δg ≡ bδ. (1.8)
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In reality this expression contains more relativistic correction terms like redshift space dis-
tortions, lensing etc ... but to a leading order we can adopt this linear relationship [27, 28].
The galaxy overdensity is an observable and can be used as a biased tracer of the underlying
matter distribution (Eq. (1.8)).
Peculiar motions induce some distortions in the apparent clustering of matter in redshift
space. A circular overdense region in real space would appear smeared along the line of sight
on non-linear scales, whereas on linear scales it would appear flattened. It would look like an
ellipse whose major axis is perpendicular to the line of sight as shown in Fig. 1.1 (from [11]).






Real Space Redshift Space
Figure 1.1: Shows how a circular contour in real space is distorted in redshift space for both
linear and nonlinear cases.
Ps(k) = [1 + βµ2k]2P (k), (1.9)
with µk being the cosine between the wavevector k̂ and the direction of observation. β,
known as redshift space distortion parameter, is the ratio between the growth rate and
the linear bias β = f/b and quantifies the deviation of Ps with respect to the true power
spectrum. A positive value of the second term within the square brackets will enhance the
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correlation function in redshift space. There exists a variety of techniques to measure the
distortion parameter but as can be seen from Eq. (1.7), one way could be the use of peculiar
velocity surveys or taking the ratio between the monopole and quadrupole of Eq. (1.9) as in
redshift space distortion analysis
1.1.2 Peculiar velocity measurements
Assuming a model of the universe, redshift can be used to estimate distance of galaxies.
However, the potential of a redshift survey is limited by the fact it can not disentangle the
peculiar component from the galaxy’s measured redshift. The total velocity of a galaxy is
composed of the Hubble velocity due to cosmic expansion and the peculiar velocity which is
induced by gravity due to inhomogeneities
v = cz −H0r, (1.10)
where r is the galaxy comoving distance and z the redshift. Therefore measuring pecu-
liar velocities requires the estimation of redshift together with redshift independent distance
measurements.
Distance indicator
There are many redshift independent techniques to estimate distances but we only look at
some of the widely used methods. The Tully-Fisher (TF) relation [30] makes use of the
correlation between the rotational velocity of a late type galaxy (spirals) and its luminosity
L(vrot) ∝ vαrot, (1.11)
which can be also written as1 [31, 32]
M(ς) = A−Bς, (1.12)
where A and B, which are empirically determined, are the zeropoint and slope of the relation
1by convention this relation is written as
M(η) = A− bη,
but to avoid confusion in terms of notation we will adopt the one in the text.
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respectively. The absolute magnitude M can also be expressed as [31,32]
M = const− 2.5 log(L). (1.13)
The quantity ς is related to the rotational velocity according to
ς = log(2vrot)− 2.5. (1.14)
The observables are the rotational velocity and the apparent magnitude of the galaxy, then
one can use the distance modulus formula to estimate its distance. In the seminal work [30],
the TF relation was calibrated using the Local group, namely the M81 and M101, in which the
galaxies are all with well known properties ( distance, global hydrogen profile width etc ...).
The TF relation is extensively used in today’s largest peculiar velocity survey SFI++ [33].
Originally, for early type galaxies (elliptical), the Faber-Jackson relation which expresses the
luminosity as a function L of velocity dispersion σe according to [34–36]
L ∝ σαe , (1.15)
was used to estimate distances. However, the large uncertainty in the estimation arises from
the scatter of the relation which is worse than that of the TF relation. In [37], they found
that introducing another parameter, the mean surface brigthness 〈µe〉 (or 〈Ie〉 in linear flux
units), greatly improves the accuracy. They then deduced the relation between the effective
radius Re of an early type galaxy (ellipticals) with its central velocity dispersion and its
effective surface brightness
Re ∝ σ1.39e 〈Ie〉−0.90, (1.16)
known as the Fundamental Plane (FP) [37,38]. Further, the effective radius and the surface
brightness can be combined into one parameter Dn, a photometric diameter enclosing Ie, to
yield [39]
Dn ∝ σ1.20±0.1e , (1.17)
also known as the Dn − σ relation. The FP relation (or Dn − σ relation) is then used as
distance indicator for elliptical galaxies.
Due to small variations in their absolute magnitudes, corrections are required such that type
Ia supernova can be used as standard candles. The idea of standardising the absolute mag-
nitudes of type IA supernovae was pioneered in [40] where they found correlations between
the light curve and absolute magnitude and between color curve and absolute magnitude.
Section 1.1. Why peculiar velocities? Page 8
Different techniques of standardisation which are methods for light curve fitting have then
emerged. Among them are the multicolor light curve shape (MLCS) [41] and the second
Spectrally Adaptive Lightcurve Template (SALT-II) [42]. As concluded in [41], after apply-
ing the MLCS method, type Ia supernova turns out to be a distance indicator with high
precision. In [43] for example, they built a peculiar velocity catalogue with much better
precision in estimate of distances of objects using type Ia supernovae.
It was shown that the magnitude in the I-band of the tip of the first-ascent red giant branch
(TRGB) can be used to derive the distance modulus of the host galaxy whose resolution
is required to be good enough [44]. The distance precision derived from this technique is
comparable to those obtained from variable star based method such as Cepheid and RR
Lyraes.
It is worth mentioning that variable stars, such as Cepheids [45–48] and RR Lyraes [49, 50]
among others, are also used as distance indicators. The technique uses the correlation be-
tween the period in their light curves and their luminosity, known as PL relation. Unlike,
other distance indicators, variable stars can only be used to estimate distances to globular
cluster or nearby galaxies. However, Cepheids for example were used to calibrate other dis-
tance indicators like type Ia supernova or TF relation [51].
Biases
What most of all those techniques have in common is that they suffer from systematics
which can severely bias the derived quatities, such as the radial peculiar velocity. In a
magnitude limited sample, brighter objects are more favored than dimmer ones and as a
result, the mean magnitude of the sample is less than it should be – whereas if there was
no selection effect where all objects were equally selected, the mean magnitude would be
larger – this is known as Malmquist bias (see [38] and reference therein). For example,
in [52], a fitting method, based on a combination of linear inverse TF and the distance
modulus expression, was proposed to deal with the Malmquist bias. The technique was
tested on a mock galaxy catalog from N-body simulation and was able to provide a very
good estimate of peculiar velocities. Another issue when estimating peculiar velocity from
distance modulus measurements is the assumption that the derived peculiar velocity error
distribution is Gaussian. The problem arises from the fact that the exponentiation of the
Gaussian errors of the distance modulus skews the corresponding error distribution of the
peculiar velocity [53], leading to misinterpretation of the results in the worst case. In [38] for
example, they dealt with this non-Gaussianity of the peculiar velocity error distribution by
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using a Bayesian technique when they derived peculiar velocities from 6dFGS catalog [54].
Around the same time [55] also prescribed an unbiased estimator of peculiar velocity, for
low and high redshift. Applied to Cosmicflows-2 [56], they effectively obtained a Gaussian
distribution of peculiar velocities, therefore no further corrections were needed. Instead of
devising new estimator of v, in [55], they rather built a technique that minimizes the biases in
peculiar velocity measurements. The approach is to iteratively loop through all the peculiar
velocities in a catalog, Cosmicflows-2 in their case, and correct for them if necessary, such
that the resulting distribution is a Gaussian. Then for consistency, once corrected, the
velocities were, in turn, used to rederive distances - free of Malmquist biases.
The different techniques that have been developed to get a better estimate of peculiar velocity
are all motivated by the fact that the biases inherent to the derived quantity, if severe, might
lead us to misinterpret the results or simply prevent us from better understanding the bigger
picture.
1.1.3 Peculiar velocity as a cosmological probe
Redshift space distortion and Growth rate
In observations, redshift space distortion measurements allow the estimation of the growth
rate by deriving βσ8,g, the combination of the distortion parameter with rms of galaxy density
fluctuations within a sphere of 8h−1Mpc in radius. By assuming a linear bias σ8,g = bσ8,
the measured quantity βσ8,g which is independent of bias is thus the normalized growth rate
fσ8.
Several attempts to measure the Kaiser effect – encoded in the β parameter – have been
made using redshift surveys. It was shown that β can be estimated from measuring ratio of
angular moments of correlation function then applied his estimator to IRAS 1.936 Jy sample
to get β = 0.69+0.28−0.24 [57]. The following year, in [58], they were able to provide a constraint
on β. Following [59], in [60], they used the measurement of the mean pairwise streaming
of galaxies v12 to obtain β = 0.45+0.27−0.18. Other independent measurements of β – somewhat
more accurate as shown in [61] – come from peculiar velocity surveys.
In [62], like others [63–65], they adopted the “method of velocity-velocity comparison” to con-
strain redshift distortion. They modeled the peculiar velocities from 2M++ [66], a redshift
survey, then compared them with measured peculiar velocities from SFI++ [33] and The First
Amendment Supernovae [43]. They obtained β = 0.431±0.021 implying fσ8 = 0.401±0.024,
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consistent with other probes. A new approach to estimate the growth rate without resorting
to distance measurement like TF was developed by [67]. They made use of the fact that
through the expression of the distance modulus, the predicted peculiar velocity field from
galaxy survey allows one to infer the absolute magnitude which in turn affects galaxy lu-
minosity via the Luminosity Function (LF) Φ(M) [1, 67]. Applying this technique to Sloan
Digital Sky Survey Data Release 7 (SDSS DR7) [68], they found fσ8 = 0.37 ± 0.13 at
z ∼ 0.1 [1]. In [61], they also showed how well peculiar velocities can improve constraints on
growth rate (fσ8) and redshift-space distortion (β). Fig. 1.2 (from [1]) shows recent mea-
surements of the growth rate as a function of redshift from different surveys. In [69], they





where sA = rA · vA/r is the radial component of the peculiar velocity, an observable, and
pAB = r̂ · (r̂A + r̂B). When applied to mock data, they concluded that the method was quite
robust and gave a powerful measure of fσ28.
Dark energy
In their approach which also exploits the mean pairwise peculiar velocities, [70] introduced a
projected version of the estimator in [69]. They further improved their statistic by taking into
account the uncertainty in photometric redshift. Via a Fisher forecast analysis, they assessed
the constraining power of the projected mean pairwise peculiar velocity by considering Large-
Scale Supernova Surveys and obtained very good constraints on the dark energy parameters
comparable to those of Planck - improving the Dark Energy Task Force figure of merit
(FoM) by factor of 1.8 when combined with Planck prior. Nevertheless their results are still
dependent on how well we understand supernovae in order to reduce its intrinsic absolute
magnitude dispersion and also on the redshift information.
As highlighted by [71] (and references therein), the impact of not taking into account local
Supernovae type Ia peculiar velocities on the derived cosmological parameters is not negligi-
ble. Using data from IRAS PSCz galaxies they showed that if ignored, the peculiar motions
can induce a systematic error of ∆w = +0.04 on the estimation of dark energy equation of
state parameter w.
Alternative theories of gravity
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It is argued that the mean pairwise streaming velocity could also provide a better under-
standing of the nature of gravity [72–74]. In [72] (and reference therein), they claimed to have
detected a strong departure from General Relativity in the line of sight projected pairwise
velocity dispersion estimated from high-resolution N-body simulations. Interestingly in [73],
they were investigating departure from GR by introducing one modification that accounts
for the light propagation Glight(k, a) via the lensing potential and another for non-relativistic
matter Gmatter(k, a) via Poisson’s equation
∇2ψ = 4πGNa2ρ̄m∆m ×Gmatter(k, a), (1.19)
∇2(ψ + φ) = 8πGNa2ρ̄m∆m ×Glight(k, a), (1.20)
with GN being Newton’s gravitational constant, ρ̄m the background matter density and ∆m
the comoving density perturbation. To constrain those parameters, they used galaxy power
spectrum multipoles measured from WiggleZ and BOSS Data Release 11 CMASS galaxy
redshift surveys and velocity power spectrum measured from 6dFGS [54] (and references
therein). They derived the best-fit values of Glight(k, a) and Gmatter(k, a) by adopting a
MCMC likelihood analysis and found no departure from GR at 2σ confidence level.
In a different approach which attempts to constrain a scale dependent normalized growth
rate fσ8(k, a = 1) [75] found no evidence of scale dependence of the parameter fσ8 using
6dFGSv catalog.
To date, the variety of techniques that use peculiar motion of galaxies as a cosmological probe
have been developed to shed new light on the nature of dark energy and how gravity behaves
on cosmological scales. As outlined throughout this subsection, the constraining power of
peculiar velocity can help us drastically improve constraints on cosmological parameters.
1.2 Aims of this project
Weak lensing convergence comes as correction term to the angular diameter distance
DA = DA(1− κ), (1.21)
where DA is the background quantity and κ the convergence. For many years, when doing
predictions using weak lensing convergence, a good approximation which is to only consider
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Figure 1.2: Recent fσ8 measurements from differents surveys as a function of redshift z.
Shaded grey and light grey areas show the constraints, 1σ and 2σ respectively, from Planck
[1].











where c is the speed of light and Ωm0 today’s matter density parameter. However, full
relativistic treatment shows that cosmic convergence contains many terms at first and second
order in perturbation theory [76–78]. The advent of future experiments like SKA with a larger
survey volume and great resolution will enable us to measure the relativistic effects with an
unprecedented precision, therefore analysing data in that era requires a special care. What
we propose to investigate here is a step towards this era of precision cosmology.
1.2.1 Second order effects
At first order in perturbation theory, scalar, vector and tensor modes evolve independently,
therefore can be studied separately. Large Scale Structure that we see today is attributed
to scalar modes which are well understood. Gravitational waves which are related to tensor
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perturbations and whose detections will support the theory of the inflationary phase of the
universe are still being hunted using experiments like BBO [79,80]. The effect of gravitational
waves on the B-modes of the CMB polarization offers the main possibility for their detections.
The secondary contribution of both vector and tensor modes to the B-mode polarization of
the CMB was investigated [81, 82]. It was found that their effect is dominated by that of
lensing by Large Scale Structure which transforms E-mode into B-mode polarization of the
CMB [81]. Second order contributions of vector and tensor modes to the CMB temperature
anisotropies were discussed [83, 84]. Vector perturbations were also proven to give rise to
a deflection angle, therefore contribute to weak lensing [85]. As discussed in [86], vector
modes are generated by the interaction of first order scalar modes of different wavelengths.
Secondary tensor modes are produced at second order by mode mixing of primordial density
fluctuations but unlike the vector modes, they can be sourced by scalar modes at a single
wavelength [87]. We propose to quantify the effects of these vector and tensor modes in weak
lensing and investigate whether they need to be taken into account in future weak lensing
measurements.
1.2.2 Doppler magnification
At low and intermediate redshift (z . 1.7), a galaxy with a peculiar velocity pointing away
from an observer is observed at redshift zs and looks brighter than a typical galaxy with
null peculiar velocity at the same redshift zs. Whereas a galaxy with a peculiar velocity
pointing towards us, observed at a redshift z′s looks dimmer than a typical galaxy with null
peculiar velocity at that redshift z′s. This lensing like effect is what we call Doppler lensing
or Doppler magnification interchangeably, since it precisely affects the cosmic convergence
κ and therefore the magnification. The contribution of the Doppler term at first order and
up to second order to the area distance was derived in [76–78]. In [88], they showed that
this local term only affects the cosmic convergence κ at first order but can contribute to the
shear at second order. Since this velocity term peaks on large scales ` ∼ 10, future surveys
will be required to probe large volume of the sky in order to detect its effect.
By considering an observer looking through a void along the line of sight at low redshift, the
standard cosmic convergence fails to account for the change in magnitude of local objects in
and near the void [89](see Fig. 1.3 from [89]). It was shown that the Doppler effect completely
prevails over the usual cosmic convergence. This suggests that depending on the scales of
interest, one needs to be careful as to which term(s) dominate when interpreting data from
observations.
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Figure 1.3: Change in magnitude ∆m, which is due to different contributions to the cosmic
convergence, as a function of z. The observer at z = 0 is looking through the void along the
line of sight.
In an early work [90], they computed the anisotropies in luminosity distance and already
showed that at low redshifts the contribution of the peculiar motion to the fluctuations
δDL/D̄L prevails over other contributions like those of gravitational lensing and Sachs-Wolfe
effect. The impacts of those anisotropies, more precisely the peculiar velocity, on cosmolog-
ical parameter inference have been analysed [91–93]. In [92] for example, they examined the
uncertainties induced by peculiar velocities of type Ia supernovae on estimating dark energy
equation of state parameter. In [93], treating peculiar velocities as systematics in supernova
surveys, they devised an approach to account for peculiar motions rather than adopting a
cut for supernovae at low redshifts. In [91], they presented a more rigorous treatment of the
covariance matrix which is composed of a Poisson noise and the cosmic variance – or coher-
ent/correlated component as they call it. They showed that peculiar velocity contributes to
the Poisson noise but in general this contribution is small. However, the peculiar motion in-
duced cosmic variance Cvel` can be significant, dominating its lensing counterpart, especially
at low redshifts (see also [88]). They then addressed the question of whether the peculiar
Section 1.2. Aims of this project Page 15
velocity can be treated as the signal rather than systematics (also pointed out in [93]). Pre-
cisely, the originality in this work lies in treating the peculiar motion of objects as a signal
that allows us to constrain cosmological parameters.
As discussed earlier, peculiar motion of object can be used as a cosmological probe to study
growth of structure and address the issue about the apparent acceleration of the expansion
of the universe - shedding new light on the dark energy problem. In this thesis, we want to
probe growth of structure and dark energy using Doppler magnification. By building a new
statistical tool, we aim at putting new constraints on dark energy and other cosmological
parameters. Alternative theories of gravity seek to explain the recent acceleration of the
cosmic expansion by modifying Einstein’s General Relativity, avoiding the need of a vacuum
energy with repulsive force. We then address the question : Can we gain more insights into
modified gravity theories by using our new statistics?
The plan of the thesis is as follows. Chapter 2 deals with cosmological perturbation theory
and its application where we look at the basic tools that will be used throughout this thesis
and give a quick review on weak gravitational lensing which is relevant for later chapters. We
present our results on the contribution of non-linear vector modes to the cosmic convergence
in Chapter 3. The results on the cosmological parameters constraints obtained from using
our new statistical tool are presented in Chapter 4. Another statistical tool, still based on
the Doppler magnification, which exploits the dipole arising from peculiar motion of objects
falling onto an overdensity is presented in Chapter 5. There, we also show our forecasts for
cosmological parameters in the concordance model and investigate the possible constraints
we can put on some parametrised models of modified gravity. Finally we give our general
conclusion.
Chapter 2
Cosmological perturbation theory and
weak lensing
In this chapter we review the basics of perturbation theory. It is not meant to be exhaus-
tive but provide useful tools and results for later chapters. We first look at the background
universe then review the concept of perturbing space-time and show its perturbed metric.
The approach of perturbing a quantity, be it scalar, vector or tensor is presented. At first
order, scalar, vector and tensor perturbations can be dealt with separately by using Scalar
Vector Tensor decomposition (SVT). After addressing the gauge problem in perturbation
theory, we show how to construct gauge invariant quantities that are the observables. We
present the Einstein Field Equations (EFEs) in a perturbed universe in a Newtonian gauge
which is the gauge we mainly use throughout this work. As part of this work addresses
the non-linear contribution of the vector and tensor modes to weak lensing convergence, we
thus give a small overview on how those secondary modes arise and highlight the relevant
equations which are used in Chapter 3. There are many applications of cosmological pertur-
bation theory but what interests us in this thesis is specifically weak gravitational lensing.
Therefore, in the last section, we give some basics on gravitational lensing then conclude this
chapter by deriving the standard expression of weak lensing convergence.
2.1 Homogeneous Universe
The notion of spatially homogeneous and isotropic universe constitutes the foundation of
modern cosmology. The Copernican Principle states that we do not live in a special place in
the universe [94]. This homogeneity only holds on scales larger than 100 Mpc but as we go
below, on scales of clusters of galaxies, it is highly inhomogeneous. This spatial homogeneity
of the universe has been subject to several tests using different methods [95–97]. According to
observations, the background universe is described by a flat Friedmann-Lemaitre-Robertson-
Walker (FLRW) model with the line element
16
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ds2 = −dt2 + a(t)2δijdxidxj, (2.1)
with a(t) the scale factor and δij Kronecker delta symbol. In perturbation theory, it is more
preferable to work with conformal time η rather than cosmic time. They are related by
dη = dt/a, (2.2)
so that
ds2 = a(η)2(−dη2 + δijdxidxj). (2.3)
We can introduce the background metric ḡµν as
ds2 = ḡµνdxµdxν . (2.4)
It is noted that the greek letters µ, ν = 0,1,2,3 whereas i = 1,2,3. On the background, the
metric is related to the Minkowski metric ηµν by
ḡµν = a(η)2ηµν . (2.5)
We will now look at the EFEs in a smooth universe.
2.1.1 Equation of motion
Like in classical mechanics, to work out the equation of motion of a particle one can apply
the Hamilton’s principle by maximising the action which is an integral of the Lagragian. In
the case of General Relativity we consider the Einstein-Hilbert action [98]


















where κ = 8πG, g the determinant of the metric gµν , R the Ricci scalar, L the lagrangian
of matter and finally Λ the cosmological constant. To get the equation of motion, one needs
to extremize Eq. (2.6) by varying it with respect to the metric. Varying the first term in






















To treat the first term of Eq. (2.9), we resort to the expression of the determinant of the
metric [99]







As for the second term of Eq. (2.9), the variation of the Ricci tensor can be computed
on a Lorentz local frame such that the first derivatives of gµν vanishes but not its second
derivative, leading to
δRµν = ∂λ(δΓλµν)− ∂µ(δΓλλν). (2.12)
Since Eq. (2.12) is a tensor equation, it is valid in all frames such that the partial derivatives
can be turned into covariant derivatives. The second term of Eq. (2.9) can be now cast into
a form of an integral of divergence of a quantity over a volume V which, by Stokes Theorem,
is equivalent to an integral of the quantity over the boundary surface enclosing V . Therefore,
































− 12Lgµν . (2.15)
The Einstein Field Equation finally reads
Gµν + Λgµν = 8πGTµν , (2.16)
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where the Einstein tensor is
Gµν = Rµν −
1
2Rgµν .
The Bianchi identity implies ∇µGµν = 0, which together with ∇µgµν = 0 also means that
the matter is covariantly conserved, i.e
∇µT µν = 0. (2.17)
Eq. (2.17) is the conservation equation.
2.1.2 Friedmann equations
The energy momentum is given by
T
µν = ρ uµuν + p(uµuν + gµν) (2.18)
with uµ = (1/a)(1,0) is the background 4-velocity of a comoving observer and ρ̄ and p̄ are
the energy density and pressure respectively on the background. The background quantities
are only time dependent. The 4-velocity uµ is time-like future directed with uµuµ = −1
giving uµ = a(−1,0). From the continuity equation in Eq. (2.17) we have that
ρ̄′ = −3H(ρ̄+ 3p̄). (2.19)
At zeroth order in perturbation theory the EFEs in Eq. (2.16) gives the Friedmann equations




H′ = −8πG6 (ρ̄+ 3p̄)a
2 + Λa
2
3 , . (2.21)
The prime ′ denotes derivative with respect to the conformal time η and H = a′/a = aH
is the conformal Hubble parameter. The version of Eq. (2.20) as a function of cosmic time
reads
H2 = 8πG3 ρ̄eff (2.22)
where ρ̄eff = ρ̄+ Λ/(8πG) in general combines energy density of radiation, matter (baryonic
and non-baryonic), curvature and dark energy, but since in most of our calculations we
consider an era well after radiation-matter equality in a flat universe, the effective energy
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Ωm + ΩΛa3, (2.23)
where Ωm and ΩΛ are the matter density parameter and dark energy density parameter
respectively and H0 the Hubble rate at present H0 = 100 h km.s−1.Mpc−1 [9]. It is noted
that Eq. (2.20) and Eq. (2.21) are not independent and one can get Eq. (2.21) from Eq. (2.20)
by exploiting Eq. (2.19). Therefore we only have two equations for three unknowns. To close
the system, one resorts to the definition of the equation of state of matter which is the ratio




By taking the derivative of w with respect to the conformal time while using Eq. (2.19) one
easily gets
w′
1 + w = −3H(c
2
S − w), (2.25)





For a constant equation of state parameter w (e.g w = 0,−1/3,−1 for dust, radiation and
dark energy respectively) we thus have c2S = w.
2.1.3 Distance in cosmology
A photon emitted by a distant source has an energy ES. Due to cosmic expansion, it loses
energy as it travels to the observer, its wavelength gets stretched. The redshift z is the ratio
between the energy of a photon at emission and its energy (EO) as it arrives at the observer
ES
EO
= 1 + z = 1
a
. (2.27)
Determining the redshift of a spectroscopically resolved source requires measuring the shift
of the frequencies of its line emissions towards the low energy of the energy spectrum. In an
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expanding universe, the physical radial distance of a source from us is
r = aχ, (2.28)
























On the past light cone, the comoving distance and the conformal time are related by dη =
−dχ. One way to estimate the distance of an object is by measuring the flux S which is the








By knowing the absolute magnitude of an object M(say supernova), its distance can be
estimated by measuring its apparent magnitude m via the distance-modulus formula






where µ = m−M . In an expanding universe, the angular diameter distance is defined as the
ratio between the physical size d of an object located at a given redshift z and its angular
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It is written as a function of the comoving distance
DA =
χ
1 + z , (2.37)
and also depends on the cosmological model which is considered. Via the distance duality
equation, we have the relationship between the luminosity distance and the angular diameter
distance.
DL = (1 + z)2DA. (2.38)
In the next section, we will look at a perturbed universe.
2.2 Perturbation of the cosmological model
In perturbation theory, a quantity is composed of a homogeneous background part and an
inhomogeneous perturbed part which is considered as small. In other words, all the quantities
are perturbed according to
s(η,x) = s(η) + δs(η,x), (2.39)







where the smallness parameter ε denotes the order in perturbation. In what follows we will
denote the order of a perturbation of a quantity by a superscript in brackets. Let us now
look at the perturbed metric.
2.2.1 Scalar Vector Tensor (SVT) decomposition
In a perturbed flat FLRW universe we have that
ds2 = a2
[
−(1 + 2A)dη2 + Vidηdxi + (δij + 2hij)dxidxj
]
, (2.41)
where A is a scalar perturbation, Vi a vector perturbation also known as shift and hij a
tensor perturbation. According to Helmholtz theorem, a vector field can be decomposed
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into divergence-free part and a curl-free part. Therefore
Vi = ∂iV + Ṽi, (2.42)
with ∂iV is the covariant derivative of a scalar V on the 3 hypersurface and we have the
constraint ∂jṼj = 0. Like the vector, we can further extract two scalar parts, one vector
part and a pure tensor part from the tensor perturbation hij as
hij = Cδij + ∂ijE + ∂(iFj) + h̃ij, (2.43)
where C and E are scalar perturbations, Fi is a vector perturbation subject to ∂iFi = 0,
∂(iFj) = 12(∂jFi + ∂iFj) is symmetric and h̃ij is the pure transverse traceless tensor part
(∂ijh̃|i = 0, h̃ii = 0). From the expression of the perturbed metric gµν = ḡµν + δgµν , it yields
δg00 = −2a2A, (2.44)
δg0i = a2Vi, (2.45)
δgij = 2a2hij. (2.46)
With 2 constraints imposed on each of the pure vector perturbations, 4 constraints on the
pure tensor perturbations, it amounts to 10 degrees of freedom (d.o.f) in total. By imposing






(∂iV + Ṽ i), (2.48)
δgij = − 2
a2
(Cδij + ∂ijE + ∂(iF j) + h̃ij). (2.49)
2.2.2 Energy momentum stress-tensor
The perturbed 4-velocity reads
uµ = 1
a




using gµνuµuν = −1 gives
uµ = a(−1− A, Vi + vi). (2.51)
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It is worth noting that the quantity vi can be decomposed in a curl-free part and a divergence-
free part as vi = ∂iv + ṽi. The energy momentum stress T µν in a perturbed universe
T µν = uµuν(ρ+ p) + pgµν , (2.52)
which is also split into a background and perturbed parts
T µν = T µν + δT µν . (2.53)
Taking into account
p = p+ δp, (2.54)
ρ = ρ+ δρ, (2.55)
we obtain
δT 00 = ρ
a2
(δ − 2A), (2.56)
δT 0i = 1
a2
[(ρ+ p)(vi − A) + δp+ pV i], (2.57)
δT ij = 1
a2
[δpδij − 2hijp]. (2.58)
where the matter density fluctuation δ = δρ/ρ.
2.3 Gauge problem
In perturbation theory, it is assumed that the perturbed manifold with its perturbed metric
(M1, gµν) is close to the background manifold (M0, gµν). The theory of General relativity
is covariant under any choice of coordinate system but the problem arises from perturbing
quantities. There are many ways to perturb a background space-time [8] such that some
quantities that are not physical may arise from this freedom of choice. These unphysical
quantities are called gauge artifacts. In this section, we will focus on how one can construct
gauge invariant quantities which are the observables.
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2.3.1 Gauge transformation
For each quantity in the background manifold, one wishes to find its correspondence in
the perturbed manifold. Therefore, a linear map ψ : M0 → M1 can be introduced such
that, points in one manifold can be mapped onto the other. Since this mapping is not
unique, by an infinitesimal coordinate transformation in the perturbed manifold one can get
new perturbed quantities. This infinitesimal diffeomorphism is then completely defined by
specifying a vector field ξµ = (ξ0, ∂iξ + ξ̃i) that generates the transformations such that the
perturbation of any scalar quantities transforms at first order as [101]
δ̂s = δs+ Lξs, (2.59)
where Lξ = ξµ(∂/∂xµ) is the Lie derivative with respect to the vector field ξµ and δ̂s is the
new perturbed quantity. Depending on the quantity (scalar, vector or tensor) it is acting
on, at first order we have [100] (and reference therein)
LξS = ξµS,µ, (2.60)
LξUµ = Uµ,λξλ + Uλξλ,µ,
LξVµα = Vµα,νξν + Vµνξν,α + Vναξν,µ.
Now, to see how the quantities in the metric perturbation transforms at first order, we look
at the overall transformation
δ̂gµν = δgµν + gµν,αξα + gµαξα,ν + gανξα,µ (2.61)
yielding
Â = A+Hξ0 + ξ0′ , (2.62)
Ĉ = C +Hξ0,
Ê = E + ξ,
V̂ = V − ξ0 + ξ′,
F̂i = Fi − ξ̃i,̂̃
V i = Ṽi + ξ̃′i,̂̃
hij = h̃ij.
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It is worth noting that from Eq. (2.62), we can deduce that the pure tensor perturbation
h̃ij is gauge invariant at first order 1. For the energy-stress momentum sector, by exploiting
Eqs. (2.60) and (2.62), the transformations of the density perturbation δρ, pressure pertur-
bation δp and the velocity perturbation vi read
δ̂ρ = δρ+ ρ′ξ0, (2.63)
δ̂p = δp+ p′ξ0,
v̂ = v − ξ′,̂̃vi = ṽi − ξ̃′i.
The method described by Eq. (2.59) is called the active approach but there is also another
method called passive approach which consists of considering two mappings of a same point
on the background onto two points q and p of two different coordinate systems on the
perturbed space-time. The relationship between the two coordinate systems at the same
point on the perturbed manifold can be defined as
x̂µ = xµ − ξµ. (2.64)
As an example by imposing the condition that the total density is invariant under infinitesi-
mal coordinate transformation ρ̂(x̂µ) = ρ(xµ), the relation between density perturbations in
different gauges can be established [100]
ρ̂(x̂µ) = ρ(η)− ρ′(η)ξ0 + δ̂ρ(xµ). (2.65)
Exploiting Eq. (2.55) thus yields
δ̂ρ = δρ+ ρ′(η)ξ0, (2.66)
which is the same as the transformation given in Eq. (2.63). The passive approach was
extensively used in the seminal papers [103–105] at first order in perturbation theory but
the active one is both more intuitive and easier to handle especially when dealing with
perturbed quatities at second order and higher. We now look at the construction of gauge
invariant variables.
1This is no longer true at second order in perturbation theory.
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2.3.2 Gauge-invariant quantities and gauge choice
Gauge-invariant variables are those that remain unchanged under the coordinate transfor-
mation described in Eq. (2.59). This is in fact the Stewart-Walker lemma that states that the
gauge independent variables are those such that Lξs = 0 for any vector field ξµ that is used
to generate the transformation. Constructing gauge-invariant quantities is very important in
perturbation theory as it allows one to eliminate in the calculations the gauge modes which
are non-physical. Rearranging the transformations given in Eq. (2.62), two scalar quantities
that are gauge independent can be constructed [103]
Φ ≡ A+H(V − E ′) + (V − E ′)′, (2.67)
Ψ ≡ C −H(V − E ′). (2.68)
Φ and Ψ are named the Bardeen potentials. For the gauge invariant density perturbations,
there are possible choices that are defined in different gauges [98,100]
δN = δ + ρ
′
ρ
(V − E ′), (2.69)
δC = δ + ρ
′
ρ
(v + V ), (2.70)
where the superscripts N and C denote Newtonian gauge and comoving gauge respectively.
A gauge invariant velocity reads
vN = v + E ′, (2.71)
and finally a gauge-invariant vector quantity is of the form [100]
V̂i = F̂i = Vi + F ′i (2.72)
By choosing a time slicing, the gauge generator ξµ is completely defined so that calculations
can be carried out within that particular gauge. We now review some of the gauges that are
widely used.
Longitudinal gauge
Also known as conformal Newtonian gauge or zero shear gauge, the generator is completely
fixed by imposing the condition that off-diagonal scalar perturbations in the metric are set
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equal to zero
V̂ = Ê = 0. (2.73)
By using Eq. (2.62), we thus have ξ = −E and the time part of the generator is ξ0 = V −E ′.
This implies the gauge invariant density perturbation in conformal Newtonian gauge given
in Eq. (2.69). From Eq. (2.67), we find that the scalar perturbations A and C coincide with
the Bardeen potentials
Φ = A, Ψ = C. (2.74)
In the absence of anisotropic stress in this gauge we also have Ψ = Φ. This gauge is also
named the Poisson gauge when including vector pertubations and the generator is completely
fixed by choosing ̂̃V i = 0, yielding
ξ̃i =
∫
Ṽidη + Ci(xj), (2.75)
Ci being an arbitrary integration function. Therefore
F̂i = Fi −
∫
Ṽidη + Ci(xj). (2.76)
Synchronous gauge
It is a gauge where, the time-slicing is chosen such the perturbations are only in the spatial
part. This can be achieved by requiring Â = 0 and V̂i = 0 giving
ξ0
′
a+ a′ξ0 + aA = 0, (2.77)







Exploiting Eqs. (2.78) and (2.62) gives
ξ =
∫
(ξ0 − V )dη + C2(xi). (2.79)
Finally we have that
ξi = −
∫
Ṽidη + C3(xk). (2.80)
It is noted that C1,C2 and C3 are all integration functions. In synchronous gauge, the world-
lines are orthogonal to the spatial hyperface. In his early work on cosmological perturba-
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tion [106], Lifshitz used this gauge which is still very popular and widely used in Boltzmann
code like CMBFAST or CAMB [107,108].
Comoving gauge
In this gauge, a vanishing three-velocicty of the fluid is imposed v̂ = 0. The condition




vdη + T(xi), (2.81)
ξ0 = V + v, (2.82)
where T is an integration function. Using Eq. (2.63) and the background relations, we arrive
at the expression given in Eq. (2.70). Taking into account Eq. (2.69) gives the relationship
between the density fluctuations in the two gauges
δC = δN + ρ
′
ρ
(v + E ′). (2.83)
Uniform density gauge
One can also impose a spacetime foliation such that the density perturbation vanishes δρ = 0.




A gauge independent curvature perturbation can be defined in this gauge [109,110]
− ζ = C +Hδρ
ρ′
. (2.85)
Section 2.4. Perturbed Einstein Field Equations Page 30
2.4 Perturbed Einstein Field Equations
2.4.1 Bardeen equation
The EFEs read
∇2Ψ− 3H(HΦ + Ψ′) = 12κa
2ρδN , (2.86)
(HΦ + Ψ′)|i =
1
2κa
2vN|i (ρ+ p), (2.87)
Ψ′′ + 2HΨ′ +HΦ′ + (H2 + 2H′)Φ + 13∇
2(Ψ− Φ) = 12κa
2δpN , (2.88)
Φ−Ψ = 0. (2.89)
Here δpN denotes pressure perturbation and we assume a pressureless fluid, such as matter
on cosmological scales, so that c2s = 0. The trace-free part of the EFEs (Eq. (2.89)) in general
involves an anisotropic tensor Πij but for our purposes we assume Πij = 0. This implies
that the two Bardeen potentials are the same (Ψ = Φ), which is what we adopt in what
follows, unless otherwise stated. The time-time component of EFEs Eq. (2.86) is known as
the relativistic Poisson equation. On small scales, the second term of the left handside of
the equation is negligible so that Ψ coincides with the gravitational potential in Newtonian
theory. By exploiting Eq. (2.87) which allows us to compute the peculiar velocity - a key
variable in this thesis - the relativistic Poisson equation and some background relations, we
arrive at the expression of the matter density contrast δN
δN = 2a3ΩmH20
∇2Ψ + 3HvN . (2.90)
The trace part of EFEs (Eq. (2.88)) which gives the evolution of the gravitational potential
is known as the Bardeen equation
Ψ′′ + 3HΨ′ + (H2 + 2H′)Ψ = 0. (2.91)
The continuity equations from ∇µT µν = 0 read















ρ(1 + w) . (2.93)
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Together with the conservation equations, one can use the Poisson equation to re-derive the
Bardeen equation.
In ΛCDM, the solution of Eq. (2.91) can be factorized as Ψ(η,x) = g(η)Ψ(x) where Ψ(x)
(or equivalently Ψ(k) in Fourier space) denotes the potential well after both horizon crossing
and radiation-matter equality, and the growth suppression factor g(η) which describes the
growth of the gravitational potential after decoupling is determined from [77]
g′′(η) + 3Hg′(η) + a2Λg(η) = 0. (2.94)
The solution of Eq. 2.94 is well approximated by a fitting formula [111,112]
g(z) = 52g∞Ωm(z)
[







where g∞ is the normalization factor such that the growth suppression factor at z = 0 is







We recall the function E(z) is given by Eq. (2.31).
2.4.2 Power spectrum
In general, one uses the linearity of the perturbation equations to decompose the gravitational
potential in terms of a transfer function T which accounts for the evolution of the potential
through the horizon crossing and the radiation-matter transition. It is well approximated





It is noted that in general the transfer function T (k) is only scale dependent but its scale
and time dependent form T (k, η) includes the growth suppression factor g(η), i.e T (k, η) =
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T (k)g(η). The scalar power spectrum is defined as
〈Ψ(k, η)Ψ∗(k′, η′)〉 = 2π
2
k3
PΨ(k, η, η′)δ(3)(k − k′) , (2.99)
where δ(3) stands for the Dirac distribution. The power spectrum today can be related to
the initial power spectrum predicted from inflation. Assuming scale invariance (which is
a good approximation for our analysis since secondary modes are quite insensitive to the
spectral index), the inflationary power spectrum is characterized by its primordial power








The non-linear evolution of structure growth on small scales results in an enhancement of
the power spectrum on small scales with respect to its linear counterpart (see for example
Fig. 3.1). To account for these non-linearities, one uses in general Halofit formula which is a
fitting formula obtained from N -body simulation [173]. The accuracy of the Halofit formula
is limited by the resolution of the simulation from which it is derived and it can not be used
to account for the non-linear evolution of the velocity perturbations.
In the next section, we will have a look at second order perturbations, more precisely the
vector modes and tensor modes. We will discuss how they are generated and evolve then
will present their today’s power spectrum which is relevant for the next Chapter on the
contribution of these modes to cosmic convergence.
2.5 Second order induced vector modes
Vector metric perturbations, at linear order, are often neglected in the standard picture
in cosmology as they were not produced during inflation. From EFEs, we get both the




2Ṽi = 4πGa2ṽiρ(1 + w), (2.101)
2HṼi + Ṽ ′i = 0. (2.102)
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Eq. (2.102) clearly shows that since at linear order where each mode – scalar, vector and
tensor – evolves independently, there is no source for the vector modes. Therefore, as the
universe expands they decay rapidly. However, previous works [83,86,111,114] showed that
at second order, the vector modes are induced by first order density perturbations. During
radiation dominated era, all the modes are well outside the Hubble radius. The mode k1
with shorter wavelength enters first the Hubble radius whereas the other k2, with longer
wavelength, enters the Hubble radius at later time. Upon entering the Hubble sphere, k2
interacts with k1, which is already well within, and this interaction between modes produces
vector modes [86]. The overall power of the induced vector mode depends on how much the
wavenumbers of the two generators differ from each other, the smaller the difference, the
larger the overall power. What is of interest to us is to see how these vector perturbations
are generated during matter dominated era and how large is the amplitude of their today’s
power spectrum. In what follows we will simply present the relevant equations and highlight
the final expression of their power spectrum.
2.5.1 Vorticity
As one needs to go up to second order in perturbation theory to compute the vector metric
perturbations generated by first order density perturbation, we work in Poisson gauge with
the perturbed line element [114]
ds2 = −a2
[
(1 + 2Ψ)dη2 − Vidxidη + (1− 2Ψ)γijdxidxj
]
. (2.103)
It is worth noting that since we are only interested in second order vector perturbations
sourced by first order scalar modes, we only have Vi denoting the second order gauge invariant
vector modes (∂iV i = 0) and Ψ the first order Bardeen potential in the metric. The perturbed
matter four velocity reads
uµ = −a
[





i − Vi) + 2Ψvi
]
, (2.104)
where vi = ∂iv is the scalar part of the first order potential v obtained from the 0j component
of the EFEs Eq. (2.86)
v = − HΨ + Ψ
′
4πGa2ρ̄(1 + w) , (2.105)
Section 2.5. Second order induced vector modes Page 34
and v(2)i is the divergence free second order peculiar velocity. To get the contravariant four
















where the square brackets denote antisymmetrization with respect to µ, ν indices and hµν =
gµν + uµuν is a projector tensor into the instantaneous fluid rest space. We recall that the
variable ωµν is a sum of a first and second order quantities, ωµν = δ(1)ωµν + δ(2)ωµν , and is
subject to ωµνuν = 0. At first order we have that δ(1)ωµν = 0. As proved by [111], first order
scalar modes can not source vorticity at non-linear order, so that
δ(2)ωµν = 0. (2.108)
We are now in position to compute the gauge invariant second order vector mode Vi.
2.5.2 Vector modes
By taking into account the metric in Eq. (2.103) and exploiting the expression of the per-












From the second order 0i component of EFEs, we get another constraint equation








By solving for v(2)i − Vi in Eq. (2.110) and substituting it along with the expression of v in
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The Fourier transform of vector perturbation contains two polarisations and the real space





V+(k, η)e+i (k) + V−(k, η)e−i (k)
]
eik·x, (2.113)
where the vectors e±i form an orthonormal basis of a plane perpendicular to the wavevector
k . The definition of the power spectrum of each polarisation is given by
〈V ∗λ (k, η)Vλ′(k′, η′)〉 =
2π2
k3
δ3(k − k′)PV (k, η, η′)δλλ′ , λ = ±. (2.114)
From now on, we shall drop the subscript λ denoting each polarisation as the power spectrum
PV is the same in each case. The solution in Fourier space of the Eq. (2.112) is [111]




d3k′|k − k′|2k′jB(k − k′,k′, η), (2.115)






Ψ′(k2, η) +HΨ(k2, η)
)
. (2.116)
Exploiting Eq. (2.115), we can compute the correlator Eq. (2.114) and identify the expression
of the power spectrum. The computations are a bit more involved so we will just give the
final expression









V(η) = 3a(η)g(η)[g′(η) +H(η)g(η)], (2.118)
governs the growth of the vector power spectrum, and Π(k) is a convolution integral of
order unity (see Eq. (C7) of Ref. [111] for its explicit expression). ∆2R denotes the initial
power spectrum of the curvature perturbation. We refer the interested readers to [111] for
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Figure 2.1: Top panel: the transfer functions as a function of the wavenumber, for different
amount of baryons. Bottom panel: the power spectra of vector perturbations PV (PS in the
plot).
more detailed derivations. In the power spectrum PV plotted in Fig. 2.1 (from [111]), we
also notice the imprint of the acoustic oscillations as in the case of the scalar modes. This
can be explained by the fact that the vector perturbations are sourced by first order scalar
modes. As the amount of baryons is increased, the amplitude of the power spectrum after
the turnover, around 0.1 Mpc/Ωmh2, decreases.
The power in each polarisation is, thanks to spatial isotropy, the same and is defined in the
same way as for the scalars for each polarisation. During the matter dominated era the vector
contribution grows as a1/2 which is the reason why it is not completely negligible today [86,
111]. Their contribution peaks in power at the equality scale, and has the same spectrum as
Section 2.5. Second order induced vector modes Page 37
Ψ below this scale, but with .1% of the amplitude [111]. The vector mode power spectrum
we shall use in our analysis can be parameterised [111] as Eq. (2.117) . The amplitude of the
vectors decays on scales smaller than the equality scale, k > keq ≈ 0.073 Ωmh2Mpc−1, with
the same scaling as Ψ. Assuming cosmological parameters as determined by Ref. [113], the
power in the vector modes is well approximated by [111]
PV ≈ 6.5× 10−5PΨ for k & ksilk ≈ 0.09 Mpc−1 , (2.119)
so that the amplitude of the metric vector perturbations is nearly 1% that of the metric
scalar modes on small scales. In general, for a model without baryons, PV ≈ z−1eq (5.49 Ωmh2−
0.13)2.33PΨ ∼ (ln k)2/k4 for k & ksilk ≈ 0.09 Mpc−1. On large scales, PV scales like k, with
a peak in the spectrum around the equality scale (see Fig. 2.2 from [111]). In [116], the
power spectrum of this frame-dragging effect was computed using high resolution N-body
simulation. The results shown in Fig. 2.2 are consistent with those found in [116].
Figure 2.2: Today’s power spectrum of the vector modes PV (in the plot it is PS) as a function
of wavenumber k. It is compared to other first order variable power spectrum, namely that
of the density contrast Pδ, Bardeen potential PΨ (PΦ in the plot) and the comoving density
perturbation, ∆ = δ − 3Hv, P∆.
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2.6 Second order induced tensor modes
Primordial gravitational waves are generated by initial quantum fluctuations during the
inflationary phase of the Universe. Their detection which depends on their amplitude, fixed
by the energy scale of inflation, will be a smoking gun of the exponential rapid expansion
scenario in the early universe. At linear order in perturbation theory, the evolution equation
of tensor perturbation, which we recall is gauge invariant, is given by the trace-free part of
the i− j components of EFEs
h′′ij + 2Hhij −∇2hij = 0, (2.120)
where we have neglected the anisotropic stress and assumed flat universe. In either radia-
tion or matter dominated era, the amplitude of the mode is constant and is damped while
exhibiting oscillations as it enters the Hubble radius [98].
Previous works [81, 87] showed that gravity waves are also sourced at second order by pri-
mordial density fluctuations. These secondary modes, together with the vector modes and
gravitational lensing, can induce B-modes type of the CMB polarization [87]. Another indi-
rect probe of gravitational radiation, either primordial or secondary, is their effects on weak
lensing which are responsible of the image rotation [117]. In [117] they showed that contri-
bution of the secondary modes to the shear curl mode is larger than that of the primordial
ones.
2.6.1 Tensor modes
For our purposes, we will mainly focus on the secondary modes generated by first order
scalar modes. The second order tensor modes evolve according to
h′′ij + 2Hh′ij −∇2hij = Πij (2.121)
where the effective anisotropic stress arises from the contribution of non-linear scalar modes
and is explicitely given by
Πij ≡
{




H2∂iΨ∂jΨ + 2H∂iΨ∂jΨ′ + ∂iΨ′∂jΨ′
] }TT
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where TT denotes a tensor projection [87]. In a similar way but without resorting to a tensor
projector, the evolution equation of the second order tensor modes was obtained [81]



























where j1 stands for the ` = 1 spherical Bessel function and
Sij = ∇2Θ0δij + ∂i∂jΘ0 + 2(∂i∂jΨ0∇2Ψ0 − ∂i∂kΨ0∂k∂jΨ0). (2.126)










In Fourier space, the tensor perturbation hij has 2 independent degrees of freedom that can






hλ(k, η)ελij(k) eik·x , (2.128)
where ελij is the polarisation tensor, satisfying ελijδij = ελijki = 0 and ελijε
ij
λ′ = δλλ′ . Again,
power in each polarization states are identical, thanks to spatial isotropy, and are defined by
〈h∗λ(k, η)hλ′(k′, η′)〉 =
2π2
k3
δ3(k − k′)Ph(k, η, η′)δλλ′ , λ = +,×, (2.129)
2Again the relation Ψ(x, η) = Ψ0(x)g(η) has been used.
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where C ∼ 0.06 for a scale-invariant spectrum and k∗ = Ωmh2Mpc−1. The second order
gravitational wave background also peaks in power around the equality scale, and is surpris-
ingly larger than its primordial background on these scales, as shown in Fig. 2.3(from [118]).
The formula presented in Eq. (2.130), from Ref. [81], predicts an excess in power on small
scales compared to the more accurate formula of Ref. [118], but is sufficiently accurate for
our purposes (see Ref. [117] for a direct comparison).
Figure 2.3: Comparing the power spectra of the primordial gravitational waves (grey dotted
line) with those of the scalar-induced ones (solid lines).
In the following section, we will look at how perturbation theory is applied to understand
cosmological phenomena, more precisely in our case it is weak gravitational lensing. We
will first give a brief overview of gravitational lensing then derive the standard expression of
the weak lensing convergence whose relativistic corrections and their applications, in later
chapters, constitute the key results in this thesis.
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2.7 Gravitational lensing
2.7.1 Introduction
One of the most astonishing predictions of Einstein’s General Relativity is the bending of
lights in the vicinity of a spherical massive body. Among the first tests of General relativity
in solar system was the deflection of lights by the sun during solar eclipse. It was predicted




where M is the mass of the body and ξ is the impact parameter, assumed to be much larger





Gravitational lensing has many applications in astronomy and cosmology such as a powerful
tool to infer the distribution of the lens object [120–122]. We will now see in the following
section the basic equation of lensing.
2.7.2 Basics of lensing
Deflection angle
In optics, when a beam of relativistic particles propagates from one medium with a refractive
index n1 to another with a refractive index n2, its speed decreases or increases depending on
whether n1 < n2 or n1 > n2 respectively. The gravitational field induced by a massive body
is related to refractive index [119]
n = 1− 2
c2
Φ, (2.132)
where Φ is the gravitational potential and c the speed of light. It is worth noting that for a
potential well, Φ < 0. This means that the effective refractive index is greater than 1, which
thus implies that the speed of a beam of relativistic particles v = c/n in the medium, to first
order, is reduced compared to its speed in a free vacuum
v = c
(
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Due to its reduced speed when propagating through the gravitational field, the time at which
the light arrives at the observer is delayed, as opposed to a light travelling through a vacuum.
This delay is called Shapiro delay. As it passes through the gravitational field, the photon





which is a line of sight integral of the two dimensional gradient (in the plane perpendicular
to the line of sight) of the gravitational potential. We note here that z denotes spatial
coordinate alone the line of sight. Given the fact that in general the deflection is small,
a Born approximation where the integral in Eq. (2.134) is evaluated along unperturbed
trajectory, can be applied. For the case of a deflection induced by a point-like of mass M ,
the potential reads
Φ = − GM√
b2 + z2
, (2.135)
where G is the gravitational constant and b the impact parameter. Thus
∇⊥Φ =
GMb
(b2 + z2)3/2 , (2.136)




The interval ∆z ∼ ±b within which the deflection is the most important is very small with
respect to the distance scale in the geometrical configuration. Therefore, one can consider
the lens as thin such that a two dimensional mass distribution Σ(ξ) which is a projection of
the three dimensional mass distribution ρ(ξ, z) can be used. Thus [98,119,123]
Σ(ξ) ≡
∫
ρ(ξ, z) dz. (2.138)









A light ray is emitted by a source located at a distance DS. As it feels the gravitational
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field induced by a lens at a distance DOL, its trajectory gets deflected by an amount α and
finally arrives at the observer at an angle β. The observer sees the image of the source S at
I as shown in Fig. 2.4 (from [98,124]). In the small angle approximation we thus have that
Figure 2.4: Geometrical configuration of gravitational lensing.




The true position S of the source at the source plane is therefore given
θS = θI −α, (2.141)
where we have used the reduced angle α = α̃(DLS/DS). Eq .(2.141) is known as the Lens
equation. The expression of the reduced angle α̃ can be expressed in terms of dimensionless
















|θI − θ′I |2
, (2.143)





where ∇(2) is a two dimensional gradient, we can describe the reduced deflection angle as a
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ln(|θI − θ′I |) (2.145)
Magnification and Distortion
The bending of light rays as they travel to the observer induces some distortion in the
observed image of the source such that it is magnified or sheared. In lensing, there is no
absorption or emission along the light paths so that the surface brightness of the source
I(θS) is conserved, therefore we have that
I(θI) = I[θS(θI)]. (2.146)
By assuming a position θ0I in the lens plane with its correspondence θS(θ0I ) in the source
plane, the expansion at first order around θ0I yields
I(θI) = I[θ0S + A(θ0I )(θI − θ0S)], (2.147)





Introducing the delfecting potential ψ we have




This Jacobian matrix is symmetric and can be expressed as a function of the convergence κ
and the two components of the shear γ = γ1 + iγ2 [8, 98]
Aij =
 1− κ− γ1 −γ2
−γ2 1− κ+ γ1
 . (2.150)
We therefore have that γ1 = (∂1∂1ψ − ∂2∂2ψ)/2 and γ2 = ∂1∂2ψ. It is noted that the order
of magnitude of the distortion is a function of the dimensionless surface mass density Σ/Σc.
In the case Σ/Σc > 1, we deal with strong lensing where the background sources appear as
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giant luminous arcs or have multiple images whereas if Σ/Σc < 1 we deal with weak lensing
in which the distortion is not prominent. The magnification µ which is the ratio between
the flux of the source image and that of the unlensed source is expressed as the inverse of
the determinant of the distortion matrix A
µ = 1det A , (2.151)
giving
µ = 1(1− κ)2 − |γ|2 . (2.152)
In the case of weak lensing regime where the convergence and shear are small, we have the
approximation µ ' 1 + 2κ. In this thesis, we are mainly interested in weak lensing regime,
the interested readers may refer to [119,125] for a rigorous treatment of gravitational lensing.
2.7.3 Weak lensing
Geometry of a ray bundle
In order to analyse infinitesimal deformation in a light bundle, one has to derive the evolution
equation of the geodesic deviation Eµ between two neighbouring geodesics in the congruence.
Any geodesic in a light bundle can be written as a function of a geodesic chosen as a reference
and a connecting vector Eµ describing how far from the reference geodesic the arbitrary one
is [98]
xµ(λ) = x̄µ(λ) + Eµ(λ), (2.153)
where λ is an affine parameter assumed to be zero at the observer where the light bundle from
the source focuses. We can now define a coordinate system at the observer such that we have
the null vector kµ ≡ dx̄µ/dλ, which is tangent to the null geodesic and subject to kµkµ = 0,
kν∇νkµ = 0, the observer four-velocity uµ with uµuµ = −1 and finally a two dimensional
plane perpendicular to the line of sight characterized by the basis vectors nµ1 , nµ2 with the
constraints n1µn
µ
2 = δ12, nµakµ = nµauµ = 0. The deviation is now decomposed as [98,125]
Eµ = E0kµ + E1nµ1 + E2nµ2 , (2.154)
where E0 can be set to zero. The evolution equation of the connecting vector Eµ is given by
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Introducing the optical tidal matrix R while exploiting Eq. (2.154)
d2E
dλ2
= R · E , (2.156)
where E represents the component of Eµ in the basis vectors nua(a = 1, 2) and R = Rba =
Rµναβk
νkαnaµn
bβ. The linear property of the geodesic equation assures [98,125]
E(λ) = D · θ, dE
dλ
= θ, (2.157)
D being a 2 × 2 matrix whose propagation equation is obtained from the condition E(λ =
0) = 0 and Eq. (2.156)
d2D
dλ2
= R ·D, (2.158)
with the initial conditions D(0) = 0 and dD/dλ(0) = I, I being the 2× 2 identity matrix.
The mapping between the angular position of the image θ and that of the source θS, θS =
A ·θ and the definition of the angular diameter distance θS = E(λS)/DA(λS), which relates





We are now in position to derive the expression of the distortion matrix, depending on the
cosmological model we choose.
Light propagation in a lumpy universe
In this section, we will derive the expression of the cosmic convergence in a Friedmann-
Robertson-Walker universe based on the evolution equation of D (Eq. (2.158)) we obtained
in the previous section. Given that the optical tidal matrix R(0) is related to the curvature
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whose zeroth order solution reads [98]
D(0)(λ) = fK(λ)I, (2.161)
leading to A(0) = I. fK(λ) = λ for a flat universe. At first order we get [98]
d2D(λ)
dλ2













At first order in perturbation in Longitudinal gauge where the two Bardeen potential are
equal, the optical matrix is
Rab = −2∇a∇bΦ, (2.165)
leading to [98,119,125,126]
Aab = δab −∇a∇bψ, (2.166)
where ψ denotes the deflecting potential







in which we have made the substitution λ = −χ on the past light-cone. On the scale of
interest, it is usual to approximate the transverse Laplacian ∆2 by the three dimensional
counterpart ∇2, enabling us to substitute the density contrast into Eq. (2.167) via the
Poisson’s equation. Thus, we finally obtain the expression of the cosmic convergence κ











Ωm0 is the matter density parameter today. It is noted that in what follows, unless otherwise
stated, we will use c = 1.
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2.7.4 Power spectra
When computing the power spectrum of the effective convergence, one usually starts with
the expression of the deflecting potential integrated along the line of sight, also known as





where n is the direction of observation, ĝ(χ) is the lensing geometry which is a weighting
function that accounts for the distribution of the sources for a given survey. One carries out
the computations by expanding the quantity either in spherical harmonics, full-sky case or
in Fourier modes, the flat-sky approximation.
Full-sky expression
While the detailed derivation of the full-sky case will be presented in Chapter 3 we will just





The angular power spectrum Cψψ` of the variable ψ is defined
〈ψ`mψ∗`′m′〉 = C
ψψ
` δ``′δmm′ . (2.171)
The angular power spectrum of the effective convergence is computed exploiting the rela-
tionship
κ(n) = 12∆2ψ(n) (2.172)










We will now look at the same derivation in the flat-sky case.
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Flat-sky approximation
For the case of the standard lensing convergence, the flat-sky approximation is reasonably
good as the background sources are far from the observer. In this case the quantity ψ is





and the power spectrum Pψ is defined
〈ψ(`)ψ∗(`′)〉 = Pψ(`)δ(2)(`− `′). (2.176)








where we have used (x‖,x⊥) = (χ, χni) and split the wavenumber into its two components


















































dχδ(2) (`− `′) , (2.181)
where
〈Φ(k, η)Φ∗(k′, η′)〉 = 2π
2
k3
PΦ(k, η, η′)δ(3)(k − k′) .
To arrive at Eq. (2.181) we have used a Limber approximation such that on small scales it
is the component of the wavenumber that is perpendicular to the line of sight that mainly
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Figure 2.5: Angular power spectra as a function of multipole `. The cyan dashed represents
the full-sky expression Cκκ` and the red solid is the flat-sky approximation Pκ(`).
carries the power, therefore k ∼ k⊥ = `/χ. Using κ(`) = (1/2)`2ψ(`), we finally have the











It is noted that on small scales (large `) Cκκ` = Pκ(`) (see Fig. 2.5).
Chapter 3
Non-linear relativistic contributions
to the cosmological weak-lensing
convergence
This chapter is based on the paper published in a peer-reviewed journal JCAP.
3.1 Introduction
Relativistic corrections to the standard model of cosmology come in a variety of forms, from
the altering the dynamics of structure formation to the various effects associated to the inter-
pretation of observations, in particular modifying the propagation of light. There has been
considerable debate as to the importance and amplitude of these effects on the dynamics of
the expansion of the universe and the growth of large scale structure (see, e.g., ref. [127] for
an overview), and the amplitude and importance of these dynamical effects are still actively
debated [128–145]. Though subdominant for linear structure formation, relativistic correc-
tions are a generic prediction of General Relativity and are inevitable at a non-linear level
through mode-mode coupling. The scalar gravitational potential induces rotational frame-
dragging modes in spacetime (so-called vector modes) as well as gravitational waves (tensor
modes). Neither of these have counterparts in Newtonian gravity as they both induce a non-
zero magnetic Weyl curvature which is absent in Newtonian gravity and difficult to take into
account in N-body numerical simulations [116, 146]. They therefore serve as an important
tool in understanding purely relativistic aspects of structure formation and its observational
consequences, as they set a lower limit on the amplitude of relativistic corrections. On top of
dynamical corrections, relativistic effects also induce corrections to the propagation of light
since it probes the complete spacetime geometry. This can alter the interpretation of cosmo-
logical observations at a level that cannot be neglected in an era of “precision cosmology”.
Provided one works within perturbation theory, the amplitude of these effects is computable
51
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and completely fixed once the normalisation of the scalar power spectrum, at the linear
level, is determined. For instance, some relativistic effects have been taken into account
on the cosmic microwave background [147–150] and shown to be below the constraints on
non-Gaussianity derived by Planck [151], but nevertheless in principle detectable on small
angular scales, in particular through spectral distortions [152, 153]. This Chapter focuses
on the effect of relativistic corrections on weak lensing observations, focusing mainly on the
induced vector mode background. Weak gravitational lensing by the large-scale structure of
the Uni- verse has now become a major tool of cosmology [125,154], used to study questions
ranging from the distribution of dark matter to tests of general relativity [155,156]. The prop-
agation of light in an inhomogeneous universe gives rise to both distortion and magnification
induced by gravitational lensing. The effect of non-linear corrections on the Hubble diagram
have been considered [77, 78, 157, 158] and shown to be non-negligible given the accuracy of
contemporary observations [89,159–162]. Previous works considered the contributions of the
vector metric perturbations to the shear and magnification using standard rulers [163, 164].
In this Chapter we consider the effect on the weak lensing convergence of non-linear effects
that induce the existence of a vector and tensor modes background. We compare this to the
various contributions to the convergence at first-order — the usual integral of the density
contrast along the line of sight [125, 154], the contribution from the Doppler effect which is
dominant at low redshifts and large scales [88, 89, 165], the Integrated Sachs-Wolfe (ISW)
and Sachs-Wolfe (SW) terms which are relatively small and mainly neglected when comput-
ing cosmic convergence. The induced background of gravitational waves from scalar-scalar
coupling was presented in ref. [87] during the radiation era, and its present-day spectrum
calculated in ref. [118], with shear lensing effects studied in ref. [117], all following the pio-
neering analysis of ref. [81]. Surprisingly it was found that the induced gravitational wave
background is significantly larger than any primordial background (even for a tensor-scalar
ratio r ∼ 0.1) on intermediate scales of ∼ 100 Mpc, which is around the equality scale,
though of course it is much smaller on small scales. Similarly, the induced vector mode
background was presented in refs. [86, 111], and again a spectrum was found that peaks on
100 Mpc scales. Remarkably, however, it was found that the amplitude of the background
of vector modes for the metric potential behaves on small scales with the same scaling as
the gravitational potential, with nearly 1% of its amplitude. While both of these induced
degrees of freedom have little effect on the dynamics of structure formation (they cannot
directly source the density fluctuation as it is a scalar degree of freedom) they can influence
the gravitational lensing produced by large-scale structure. Is it significant, and could it be
a new way to detect relativistic aspects of structure formation? The effects of these con-
tributions on weak lensing convergence predictions are computed in order to understand if
Section 3.2. Preliminaries Page 53
they can either be detected or, in the worst case, bias the analysis of future weak lensing
experiments, such as Euclid or SKA; i.e., if the interpretation of the observation by assuming
that the observed convergence corresponds to the convergence sourced by scalar modes only
is an accurate enough assumption or whether some of these effects have to be included in
the analysis. This part of the thesis addresses this question and computes the effect of these
two non-linear effects on weak lensing observations by considering second order vector and
tensor background. We restrict our analysis to the direct contribution from the dynami-
cally induced vector modes and the hypothesis that the Born approximation still holds. In
principle, one needs also to take into account second order effects on the geodesic deviation
equation [166–170], as fully described in refs. [171, 172]. The calculations by relaxing the
Born approximation will induce small changes to the signal. However, there are of course a
variety of other geometrical effects which may dominate the signal [77,78,158] but our goal
in this study is to investigate the convergence from dynamical effects only. In section 3.2
we describe how we account for non-linearities in the power spectra of both the scalar and
vector modes and then, in section 3.3, the computation of the weak lensing power spectra,
splitting the effects of the scalar, vector, tensor, Doppler, ISW and SW contributions in order
to compare their magnitude. Since the contribution of the tensor modes remains negligible
and both ISW and SW being relatively small, we focus in section 3.4 on the vector and
Doppler contribution, estimating their magnitude in surveys such as Euclid and SKA. Some
technical details about the velocity term, ISW and SW are gathered in appendices B.1,B.2,
B.3.
3.2 Preliminaries
In the standard cosmological framework, the initial conditions set by inflation impose that
at the linear order only scalar perturbations are significantly sourced. At late times, we
can neglect the anisotropic stress of matter (mostly described by a pressure-free fluid on
cosmological scales) and the spatial curvature (so that we assume that the spatial sections
are Euclidean). We use the transfer function derived in Ref. [112] to model the linear transfer
function, and make use of Halofit [173] to estimate nonlinear small scale effects. Due to non-
linear evolution, the growth suppression factor becomes scale dependent as
gnl(χ, k) = (z + 1)
√√√√Pnl(χ, k)
P (k) . (3.1)
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Figure 3.1: The power spectra of scalar (black line), vector (red line) and tensor (blue line)
as a function of the comoving wavenumber k. Solid curves correspond to spectra computed
assuming linear scalar modes at first-order, and the dotted curves include power from small-
scale clustering estimated from Halofit.
We then use this growth suppression factor to account for the non-linearities. Since non-
linear evolution occurs at small scales (large k), gnl(χ, k) behaves as the linear g(χ) which is
k independent on large scales (k small). Pnl(χ, k) and P (k) are the non-linear matter power
spectrum and today’s linear matter power spectrum respectively. The small-scale behaviour
of the second order vector modes can be estimated by replacing the linear transfer function
with that given by Halofit in Eq (3.1), which is depicted on Fig. 3.1. This gives a more
realistic estimation of the relativistic vector modes on small scales. We show in Fig. 3.1 the
power spectra of the scalar (Eq. (2.100)), vector (Eq. (2.117)) and tensor modes (Eq. (2.130))
assuming a flat ΛCDM background universe with Ωmh2 = 0.1326, Ωbh2 = 2.263× 10−2 and
h = 0.719 as derived from the WMAP5 best fit model [113].
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3.3 Weak lensing convergence and power spectra
3.3.1 Generalities
In the standard lore, the dominant contribution to weak lensing comes from the deflecting
potential φ along a line of sight in the direction ni (see e.g., Refs. [85,119,125,174]),
φ = Φ + Ψ + Vini + hijninj , (3.2)
which can be decomposed in contributions arising from the scalar-vector-tensor perturbations










= Φ + Ψ, φ
V
= Vini and φT = hijninj.
The distortion of the shape of background galaxies is described by the Sachs equation [98,
119,125] in terms of a Jacobi matrix that can be rescaled, as long as the background space-
time is spatially homogeneous and isotropic [126], to define the amplification matrix Aab
(Eq. (2.166)), where the indices refer to the angle coordinates of a unit 2-sphere. From the
decomposition of the amplification matrix in term of a convergence κ and a shear (γ1, γ2) in
Eq. (2.150) we deduce that
κ(ni, χ) = 12∇
2
⊥ψ(ni, χ) , (3.4)
where ∇2⊥ is the 2-dimensional Laplacian on the unit 2-sphere. The previous expression
(Eq. (3.4)) gives the convergence for a single source located at a radial distance χ, or similarly





ns(χ)κ(ni, χ)dχ , (3.5)
where the upper limit of infinity is taken to mean well beyond the source distribution, or the
horizon scale. Note that such an averaging over the source distribution is not mandatory if
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The geodesic bundle propagates in the perturbed spacetime, which induces a correction of
the redshift of the source, compared to the background redshift. Correcting the redshift in
turn corrects the distance to the source, and so adds to the convergence. This affects only the
convergence but not the shear (at linear order). Taking into account this effect induces three
extra terms at first-order for the convergence: the Sachs-Wolfe and Integrated Sachs-Wolfe



















The Doppler contribution, in a spatially Euclidean background, is











This contribution to the convergence was first identified in [76,88], and investigated in more
detail in [89, 165]. Note that when using these formula, the comoving distance to a source
χ should be calculated from the background distance-redshift relation using the observed
redshift (and not the unphysical background redshift).
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3.3.2 Different contributions to the convergence
As discussed in § 5.2.1, we have 3 contributions to the convergence that arise from the scalar,
vector and tensor contributions to Eqs. (3.2-3.3), to which we need to add the two Sachs-
Wolfe terms and an important first-order contribution induced by the Doppler effect [88].







































































dχ ĝ(χ)ninjhij(ni, χ) . (3.19)
At second-order in vector and tensor modes, there are also the counterparts of the correction
terms given in Eqs. (3.15),(3.16),(3.17) (see Refs. [77, 78]) but we are not considering them
in this analysis. As already mentioned, we are only taking into account the dynamically
induced vector modes. Note also that in these expressions, the variables are evaluated along
the light cone and considered as function of the radial distance χ and the angular position
ni only. Given a source distribution, the left-hand side are purely function of position on the
sky.
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3.3.3 Expression of the power spectra
Given the previous expressions, one can deduce the angular power spectra of these different
contributions to the convergence. To that purpose, we decompose each variable in spherical





where n is the position on the celestial 2-sphere, for a source located at χ. Taking into
account spatial isotropy, its angular power spectrum is defined as
〈ψ`m(χ)ψ∗`′m′(χ′)〉 = C
ψψ
` (χ, χ′)δ``′δmm′ . (3.21)
Given Eq. (3.9), the coefficients of the expansion of the convergence are related to the ψ`m
by
κ`m = −12`(`+ 1)ψ`m , (3.22)
which implies that the angular power spectra of the cosmic convergence and deflecting po-
tential are related by
Cκκ` = 14`
2(`+ 1)2Cψψ` . (3.23)
The power spectra are related to the real space angular correlation function,
Cψψ(n · n′;χ, χ′) = 〈ψ(n, χ)ψ(n′, χ′)〉 (3.24)
by






` (χ, χ′)P`(n · n′) , (3.25)
where P` stands for the Legendre polynomials.
When the integration over the source distribution is included (i.e. using Eqs. (3.6),(3.9)),
one obtains similar expressions for the angular power spectra but with an extra integration
over the sources distribution so that the dependence in χ disappears. We shall now work
out the derivations of angular power spectrum of each term that contributes to the cosmic
convergence. Then in order to alleviate the notations, we will present a generic representa-
tion of all the angular power spectra.
Scalar modes
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We follow the standard description of weak lensing in a full sky analysis, following e.g,
Refs. [98,119,125] and refer to Refs. [126,175] for more recent developments of the formalism.
We recall that in the absence of the anisotropic stress, in Newtonian gauge Φ = Ψ, the




dχ ĝ(χ)Φ[x(n), η] , (3.26)
where ĝ is defined in Eq. (3.7). By using the Fourier decomposition Eq. (2.98) and the
















dχĝ(χ)4πi`j`(kχ)Φ(k, χ)Y`m(k̂) , (3.28)
where we have replaced η = η0−χ by χ since the integral is evaluated on the past lightcone.










Using Eq. (2.99), integrating over k′, then decomposing d3k = k2dkd2k̂ and integrating the












ĝ(χ)ĝ(χ′)j`(kχ)j`(kχ′)PΦ(k, χ, χ′)δ``′δmm′ , (3.30)
By comparing Eq. (3.30) with the definition of the power spectrum in Eq. (3.21), it is












ĝ(χ)ĝ(χ′)j`(kχ)j`(kχ′)PΦ(k, χ, χ′) (3.31)
Vector modes
The lensing potential integrated along the line of sight associated with the vector modes is






We decompose the vector perturbations in Fourier modes as in Eq. (2.113). The polarisation
vectors can be expressed as
e± = 1√
2





sin θe±iϕ . (3.32)
The power spectrum of each polarisation is then defined in Eq. (2.114), where we assume
that the two polarisations are independent and using local isotropy to deduce that they enjoy











sin θeλiϕeik·x . (3.33)
Contrary to the scalar case, we cannot simply decompose the exponential to read ψ`m because
of the extra geometric factor. The simplest is to extract it as
ψ`m =
∫
d2n ψ(n)Y ∗`m(n) , (3.34)












d2n sin θeλiϕY ∗`m(n)eik·x . (3.35)
Now, using that























The integral over the 3 spherical harmonics (see Eq. A. 6 for the computation of this integral)
AλLM,`m =
∫
d2nY1λ(n)YLM(n)Y ∗`m(n) , (3.37)
is conveniently computed by first assuming that k̂ is along the z-axis so that YLM(k̂) =
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√
(2L+ 1)/4πδM0. We thus need to evaluate AλL0,`m, which is only non-vanishing when

















(2`+ 1)(2`− 1) .(3.38)
If we let the sum
















and, after gathering the Bessel functions,





















Now, to evaluate the same quantity for any k̂, we need to perform a rotation R(k̂) that










































PV (k, η, η′)ĝ(χ)ĝ(χ′)j(11)` (kχ)j
(11)
` (kχ′)δ``′δmm′ . (3.45)
Again, working out CψV ψV is easy by using the definition Eq. (3.21).
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Tensor modes
An approach similar to that of the vectors can be used for tensor modes. The potential




dχĝ(χ)ninjhij[x(n), χ] . (3.46)
We decompose the tensor perturbations in Fourier modes as in Eq. (2.128) in which the















The power spectrum of the two polarisations is defined as
〈ha(k, η)h∗b(k′, η′)〉 =
2π2
k3














(sin θ)2eλ2iϕeik·x . (3.48)
Setting 2λ = γ and using
























d2nY2γ(n)YLM(n)Y ∗`m(n) . (3.50)
By pure analogy with the previous case, it is convenient to first calculate this assuming that
k̂ is along the z-axis so that YLM(k̂) =
√
(2L+ 1)/4πδM0. We then need to evaluate AγLM,`m
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(2`− 3)(2`+ 1)(2`− 1)
. (3.53)
The sum




then reduces to 3 terms as




After simplifying and gathering the Bessel functions, it gives























To finish, we need to evaluate the same quantity for any k̂ by performing a rotation R(k̂)




D`m,m′ [R(k̂)]α̃λ`m′(kez) , (3.57)
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PT (k, η, η′)ĝ(χ)ĝ(χ′)j(22)` (kχ)j
(22)
` (kχ′)δ``′δmm′ . (3.60)
The expression of CψTψT follows easily from Eq. (3.21). It is worth noting that we have also
computed three other first order contributions which are the velocity term, ISW term and SW
term. In order to alleviate the main text we refer the readers to the more detailed derivations
of the angular power spectra in Appendices B.1, B.2, B.3 respectively for the velocity term,
ISW term, SW term. After integrating over the sources distribution, all power spectra (see



























where X = {S, V, T}, corresponding to s = 0, 1, 2. The power spectra of each mode, PS = PΦ
etc., are respectively given by Eqs. (2.99), (2.117) and (2.130) and we have replaced η = η0−χ
by χ since this the integral is evaluated on the past lightcone. The numbers Fs = (1, 2, 8)
for s = (0, 1, 2) and Ns = (1, 2, 2) is the number of polarisations of each mode. The Doppler
contribution (X = v) takes a similar form (see Appendix B.1) with A(s)` →
√
4πA, ĝ(χ) →
F (χ), j`(kχ)/(kχ)s → j′`(kχ) and Pv → k2PΦ. The two contributions from ISW and SW
terms are both similar to the scalars modes with s = 0, Fs = 1 and Ns = 1 except that for
SW A(s) =
√
4π whereas that of ISW is the same as the scalar modes (see Appendices B.2
to B.3). Each spectrum can be written in terms of a transfer function TX(k, η) which is
normalized to unity at early times as
PX(k, η, η′) = PX,i(k)TX(k, η)TX(k, η′) . (3.63)













dχ ĝ(χ)j`(kχ)(kχ)s TX(k, χ)
]2
. (3.64)
Similarly, the convergence angular power spectra, not integrated over the sources distribu-




























































Figure 3.2: Lensing angular power spectra of the density contrast (scalars - black line), the
Doppler contribution (green), vectors (red line), tensors (blue line), ISW term (yellow line)
and SW term (cyan line), Cκκ` (z, z′), at z = z′ = 0.1 (top) and z = z′ = 1.0 (bottom). The
dashed lines represent the non-linear evolution estimated using Halofit. z and z′ are the
redshifts of the sources on the two lines of sight.




























































Figure 3.3: Real space angular correlation function, Cκκ(θ), at z = z′ = 0.1 for the scalars,
























































Figure 3.4: Real space angular correlation function, Cκκ(θ), at z = z′ = 0.1 for the tensors,
ISW and SW from left to right.
tion, takes the form
























(kχ′)s PX(k, χ, χ
′).
Since integrating the Bessel function in Eq. (3.64) is computationally expensive and since
the sources distribution is slowly varying over long distances, we shall resort to a Limber
approximation which is a good approximation at large ` [172]. In such an approximation,








f [(`+ 1/2)/χ] (3.66)
Section 3.4. Weak lensing from second-order modes Page 67



















3.4 Weak lensing from second-order modes
The previous expressions allow us to compute numerically the angular power spectra of the 6
contributions to the cosmic convergence in particular to estimate the typical magnitude of the
non-linear terms which we compare to the standard term κS, the Doppler term κv, ISW term
κisw and SW term κsw, which allows us to discuss whether assuming κobservation = κS +κv is a
good approximation to interpret the weak lensing observations. Since the two point function
can be computed in real space (i.e., the correlation function C(θ, z, z′)) or in harmonic space
(i.e., the angular power spectrum C`(z, z′)), we shall use the two representations.
3.4.1 Behaviour of the different contributions
We start by comparing in Fig. 3.2 the different contributions to the lensing angular power
spectra without integrating over the sources distribution and assuming that the sources on
the sky are located at the same redshift in z = z′ = 0.1 or z = z′ = 1.0. We recover that the
velocity contribution dominates at low redshift [88] and that the gravity waves contribution
is always negligible [117]. The results shown in Fig. 3.2 also suggest that there is a range
in multipoles ` (` ≥ 50) where the second order vector modes become more significant than
both of the Sachs-Wolfe terms. A similar computation in real space, assuming z = z′ = 0.1
is depicted in Fig. 3.3 and Fig. 3.4.
Focusing on the contribution of the vector modes, Fig. 3.5 shows how the amplitude of the
angular power spectrum CκκV,`(z, z′) depends on the redshifts of the background galaxies and
on the scale, while Fig. 3.6 shows the similar information in real space, i.e., CκκV (θ, z, z′).
Fig. 3.7 shows the ratio of the vectors to the Doppler term, which shows that at intermediate
redshifts the second-order frame dragging effects dominate the linear Doppler lensing. It is
noted that although, we think that higher order contributions from the vector modes will
be subdominant, this issue still needs to be addressed. We have included the non-linear
power spectrum using Halofit to compute the vector modes shown in Fig. 3.2, but for the
rest of the calculations for consistency, we only use the linear power spectrum to compute
the contribution of the vector modes to the cosmic convergence.





































































































Figure 3.5: Angular power spectra of the vectors at different redshifts. (top) as a function
of ` for z′ = 1; (middle) as a function of z for different z′ for ` = 100 and (bottom) as a
function of z for different multipole ` with z′ = 0.5.
















Figure 3.6: Amplitude of the angular power spectra of the vectors in real space with z′ = 1.
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Figure 3.7: (top) : Ratio between the convergence from the vector mode background to
the Doppler convergence CV el` . At moderate redshifts the second-order vectors are larger
than the first-order contribution from the Doppler convergence. (bottom) : Ratio of the two
correlation functions (vector modes and the velocity) CκκV /CV el as a function of z (z = z′)
where θ = 0.1 degree.
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3.4.2 Source distributions
The source distribution depends on the survey and is described through the function ns,χ(χ)
or an equivalent function ns,z(z) in redshift space, where ns,χ(χ)dχ = ns,z(z)dz. These
distributions are normalised to unity. This then defines the lensing weight function ĝ, as
shown in Eq. (3.7).
To start, let us assume that the sources are distributed at a single redshift so that
ns(χ) = δ(χ− χs) (3.68)
which implies
ĝ(χ) = χs − χ
χχs
Θ(χs − χ), (3.69)
where Θ is the Heaviside distribution. This unrealistic but simple assumption provides
a good way to understand the lensing effects as a function of redshift. Fig. 3.8 depicts
the contribution to the lensing spectra for shells with sources located at different redshifts
normalised to the scalar contribution. As we can see, the relative contribution from the vector
modes is largest at low redshift, reflecting the fact that vector modes continue to grow at
late times. It can also be noticed that second order vector modes completely dominates
the Sachs-Wolfe term at small scales (large `). The fact that SW term tends to zero at
z ' 0.7 accounts for the large amplitude of the ratio CκκV (`)/CSW` (`) at z = 0.7. Note that
the difference in the pre-factors of both SW and Doppler terms explains the difference in
redshifts at which each of them crosses zero.
In order to obtain more realistic orders of magnitude, we consider source distributions similar
to the one of the future Euclid and SKA experiments. The normalised Euclid redshift
distribution has the form given in Refs. [178–180]:








with A = 5.792, β = 1.5 and z0 = 0.64, which gives a median redshift zm ∼ 0.9.
For SKA we make use of the SKA Simulated Skies simulations [181]. These are simulations
of the submillimeter radio source population. We use all the extragalactic radio continuum
sources in the central 10×10 sq. degrees out to a redshift of z = 20. In these simulations, the
sources are drawn from either observed or extrapolated luminosity functions and grafted onto
an underlying dark matter distribution with biases which reflect their measured large-scale
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Figure 3.8: The convergence contributions from the vector mode background (top), gravita-
tional wave background (middle) which are both relative to the scalar contribution and the
vector modes contribution relative to the Sachs-Wolfe term (bottom). These are all plotted
for the same source distributions at single redshifts, using the distribution in Eq. (3.69).
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clustering. We then construct a redshift distribution that we paramaterise as
n(z) = A z
n







with best fit parameters a = −1.806, b = 0.388,m = 2.482, n = 0.838 and A = 1.610 and
normalise the distribution at z = 20, which gives a description accurate to the percent level,
which is good enough for our purposes. Note that this redshift distribution represents the
very best case scenario since all sources from the simulation have been used in its construc-
tion, and no further observational cuts were included.
These source distributions can be used to compute the vector convergence spectrum for both
surveys. Fig. 3.9 compares its amplitude to the standard scalar contribution, showing that it
is typically 10−5 times smaller. Whereas compared to the Doppler contribution, its amplitude
is about 102 larger and 10−2 smaller on small scales respectively for a SKA-like survey and
for a Euclid-like survey – see Fig. 3.9. Interestingly, the vector contribution is subdominant
for Euclid, for which the main correction arises from the Doppler term, while for SKA-like
geometry the vector contribution is typically 1-100 times larger than the Doppler one for
` > 500. On larger angular scales, the Doppler term always dominates – see Fig. 3.9, where
on large angular scales the Doppler term totally prevails over the scalar contribution by
about 5 orders of magnitude.
3.5 Conclusions
In this chapter we have evaluated the amplitude of relativistic contributions to the weak
lensing power spectra. We have considered the gravitational wave and vector mode back-
grounds which are sourced at second-order by density perturbations. The amplitude of these
backgrounds are completely fixed once the normalisation of the scalar power spectrum in
the linear regime is determined. As these are purely relativistic degrees of freedom they set
the lower limit for all relativistic effects on cosmological modelling. While the gravitational
wave background is very small in relation to the scalars, the vectors, which represent frame
dragging in the metric, give corrections to the metric at nearly the percent level. The effect
of these contributions on weak lensing convergence predictions have been computed in order
to understand if they can either be detected, or bias the analysis of future weak lensing
experiments, such as Euclid or SKA. We have compared them to the usual gravitational
lensing contribution, the two Sachs-Wolfe contributions as well as the Doppler lensing con-
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Figure 3.9: Ratio between the angular power spectra of the vectors CκκV to scalars CκκS (top)
and to the doppler term CV el` (middle) as a function of multipole ` for two surveys, blue line
(Euclid-like), red line (SKA-like). The survey geometries are shown (bottom).
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tribution [165].
First, we have shown that even though the non-linear tensor mode background dominates
over any possible primordial gravitational wave contribution, its effect on weak lensing is
completely negligible, by 10 to 12 order of magnitudes (see Figs. 3.2 and 3.8).
Then, we have shown that the vector contribution to the convergence, while small, can dom-
inate over the Doppler lensing at high redshift – but there it is swamped by gravitational
lensing by density perturbations. We have shown this both for point sources and for two sur-
vey geometries. The vectors are actually more important than the Doppler term for SKA-like
source distributions on small scales, but not for a Euclid like survey. For both of these surveys
the vectors only reach about 10−3% that of the normal gravitational lensing contribution,
and so can be safely neglected. Nevertheless, it is interesting that the vector contribution
can be as important as some linear terms. It is worth noting that for Euclid, we observe
more galaxies at low redshift compared to SKA therefore its corresponding Doppler term
Cvel` is more enhanced which leads to a smaller amplitude of the ratio CκκV /Cvel` . Whereas
for SKA which probes at higher redshift, its corresponding lensing term CκκS (which is an
integrated effect) is a bit larger leading to a smaller amplitude of the ratio CκκV /CκκS .
We have also recovered that although the frame dragging effect is small, it becomes more
important than both ISW and SW above ` ≥ 50. This comes to corroborate the fact that
for observations, neglecting the 2 first order Sachs-Wolfe terms is a good approximation.
In this analysis, the non-linear effects of the metric perturbations have been described at
second order while weak lensing was described assuming that the Born approximation still
holds. In principle, one needs also to take into account second order effects on the geodesic
deviation equation [166–170], as fully described in Refs. [171,172].
There are a huge variety of second-order effects which come into the convergence. We have
only considered two contributions which arise from non-linear dynamical effects which hap-
pen as structure forms. Many contributions appear when calculating the lensing convergence
itself [77, 78, 158], and these also need to be analysed in a similar manner to that presented





Light rays from distant sources are focused by overdensities (or defocused by underdensities)
along the line of sight, leading to apparent magnification (or demagnification) of images.
But besides this gravitational lensing, there is a further effect which appears to magnify or
demagnify the images of objects in the Universe. This Doppler lensing effect arises from the
peculiar velocity of the source, and was first highlighted and investigated in general by [88]
(see also [76]). [89] then showed that the effect can dominate over gravitational lensing, and
even reverse its effect, leading to an ‘anti-lensing’ phenomenon. Doppler lensing gives a
new window into the peculiar velocity field in addition to the usual redshift space distortion
measurements.
The effect is a consequence of the distortion introduced by mapping from redshift-space to
real space, as illustrated in Fig. 4.1. Imagine we have three spherical galaxies with the same
physical size, and (as an extreme case) the same measured redshift zs. Galaxy A is at the
centre of a spherical overdensity, and we ignore the contribution from gravitational lensing.
A’s redshift is purely cosmological, and its angular size is typical for objects at this redshift.
Galaxy B is physically nearer to us, with a smaller cosmological redshift, but has a peculiar
velocity away from us so that its net redshift is zs. Its angular size is therefore larger than
typical at this measured redshift. Finally, galaxy C has a larger cosmological redshift and
is moving towards us, again with a net observed redshift zs. Its angular size is therefore
smaller than typical, as it is truly further away.
The contribution from Doppler lensing to (de)magnification can be summed up as follows:
galaxies with peculiar velocity away from us appear magnified at a particular redshift, relative
to typical objects at the same redshift. For galaxies behind an overdensity which are falling
towards it, the effect has the opposite sign to gravitational lensing magnification, and is
typically much larger than gravitational lensing in the infall region [89]. Similarly, objects
behind a void appear magnified – opposite to the gravitational lensing contribution.
76
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CB A
Figure 4.1: Three spherical galaxies of the same physical size and same observed redshift.
A is at the centre of a spherical overdensity while B and C are falling towards the centre.
The Doppler lensing signal is a direct means of measuring velocities in the Universe, and
therefore provides information about the growth rate of structure, a key quantity for dis-
cerning between dark energy models and for tests of gravity. In order to exploit the potential
of this new probe, we need to find appropriate statistics to measure the effect, and examine
the expected signal-to-noise for forthcoming surveys.
Doppler lensing causes a slight apparent change in size and magnitude for objects at a given
observed redshift (throughout we will use the term ‘size’ to mean angular size). However,
since these objects have an intrinsic range of sizes and magnitudes, to measure the effect it
is necessary to measure size/magnitude for many objects in order to overcome this intrinsic
noise. In addition, it is highly desirable to obtain spectroscopic redshifts for the sources, as
Doppler lensing between two objects is present over relatively short separations in redshift
(∆z ' 0.02), in contrast to gravitational lensing – which is integrated along the entire line
of sight.
Here we suppose that well-calibrated estimates of size and magnitude are available for a
catalogue of galaxy images in a survey, which can then be used to obtain noisy estimators
of the magnification for each object. Most weak lensing studies so far have used galaxy el-
lipticities rather than sizes for probing the lensing field. However, size-magnitude estimators
have been demonstrated as feasible, and the signal-to-noise for magnification measurements
with these estimators is about half that of shear [20]. Once such estimates of magnification
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have been obtained for a survey, it will be possible to apply the statistics and techniques we
develop in this Chapter in order to measure and use the Doppler lensing effect.
The Chapter is organised as follows. In Section 4.2 we review the relevant theory for Doppler
lensing, showing the redshift and wavenumber range over which the effect dominates over
gravitational lensing. In Section 4.4 we introduce the survey configurations which we con-
sider for our predictions. We then proceed to describe several applications of Doppler lensing:
in Section 4.5, we examine the prospects for detecting the signal around stacked over/under-
densities. In Section 4.6, we calculate suitable power spectra and correlation functions
for Doppler lensing, showing that cross-correlation statistics can be measured with high
signal-to-noise in future surveys. We consider the impact of intrinsic size correlations and
gravitational lensing on these statistics.
4.2 Doppler lensing: theory
4.2.1 Derivation
The convergence κ includes both gravitational and Doppler lensing, as well as further terms
(see Eq. (4.13) below); it causes an expansion or reduction of apparent size of an object.
The shear γ arises principally from gravitational lensing; it causes a change in ellipticity of
an object. The distorted apparent angular size of an object rl is related to its undistorted
angular size ru by
rl ' (1 + κ)ru, (4.1)
while the lensed apparent magnitude of an object ml is related to the unlensed apparent
magnitude mu by
ml ' mu + 5 log10 (1− κ). (4.2)
A simple estimator for the convergence can be derived from an object’s measured angular
size r, which could be derived from fitted parameters(e.g. the square root of area, [182]) or
measured using a quadrupole-moment method [183]. We can then obtain the mean log size
〈ln r〉 at redshift z, after which a suitable estimator for convergence on a galaxy at redshift
z will be
κ̂ = ln r − 〈ln r〉z. (4.3)
A more sophisticated estimator, combining size and magnitude, is provided by [20]. This
estimator is able to take into account the lensing bias, where magnification can bring new
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faint, small galaxies into the sample. Since galaxies intrinsically have a range of size and
brightness, they find (their Figure 1) that the estimator has an intrinsic noise σκ ' 0.3,
which is the value we adopt throughout this Chapter.
Now that we have introduced the lensing quantities, we will outline the derivation of the
Doppler lensing contribution. The lensing convergence κ corrects the background angular






The source is observed at redshift zs in the perturbed model and in the direction −n, i.e. n
is the unit direction vector pointing from the source to the observer. The background area
distance at any z is D̄A(z) = χ(z)/(1 + z), where χ is the background comoving distance.
The convergence κ may be found by solving the Sachs focusing equation, which follows from







(we neglect a second-order shear contribution). Here χ is the background comoving distance
(used as affine parameter along the lightrays), the photon 4-momentum is kµ = dxµ/dχ
and Rµν is the Ricci tensor. We describe a perturbative correction to the angular diameter



















2Ψ + (χ− χs)χ∇2⊥Ψ
]
, (4.7)
where s denotes source and o denotes observer, and vo is the peculiar velocity of the observer.
The transverse Laplacian (in the screen space orthogonal to the light ray) is given by1
∇2⊥ = ∇2 − (n ·∇)2 + 2χ−1n ·∇ . (4.8)
1There is a typo in the sign of the last term of Eq. (4.8) in [89]. The last term is neglected in [88], so that
∇2⊥ as defined there is not the transverse Laplacian. This does not affect the final result, but it accounts for
the difference in appearance between our expression and equation (31) of [88].
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[1 + z(χ)]δ, (4.9)
where the second line of Eq. (4.9) follows on the sub-Hubble scales of interest. Eq. (4.7) also
includes a Doppler term from the observer’s peculiar motion, but no Doppler term associated
with the source.
The Doppler source term comes from the redshift perturbation; the redshift is distorted








(1 + z)2. (4.10)













which contains SW and ISW terms, as well as the Doppler correction from the source’s
peculiar velocity vs. This term is the origin of the Doppler lensing contribution.
In Eqs. (4.7) and (4.11), χs = χ(zs) is the co-moving distance calculated in the background
spacetime to the source which we infer from the observed redshift zs, as opposed to the
distance to the background redshift z̄ which appears in Eq. (4.6). The difference between z̄
and zs does not affect first-order terms such as Eqs. (4.7) and (4.9) directly, as the relevant
corrections are second-order. However, writing Eq. (4.6) in terms of zs instead of z̄ brings
in important extra terms. The full perturbation to the angular diameter distance can be
written in terms of the observed redshift of the source zs by perturbatively expanding z̄ in
Eq. (4.6) and writing a(χs) = 1/(1 + zs) so that H(zs) = dz/dχ
∣∣∣
χs


















Then the convergence for a source at observed redshift zs follows from Eq. (4.4):
κ = κg + κv + κsw + κisw, (4.13)
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Figure 4.2: The curve shows where the power spectrum for an infinitesimal redshift slice
of Doppler lensing (κv) equals that of standard gravitational lensing (κg). Doppler lensing
dominates below the curve – on large scales (small `) and small redshifts.
where we recall that the SW and ISW are given in Eqs. (3.12), (3.16),(3.18) and2 and the
gravitational lensing term κg is given by Eq. (4.9). The SW and ISW terms are generally
sub-dominant to the other two contributions and can be neglected, so that
κ = κg + κv. (4.15)
κv changes sign depending on whether objects are moving away from or towards us. Since n
is the direction of photon propagation, vs ·n > 0 for objects moving towards us and < 0 for
objects moving away. At moderate redshift the term in brackets is negative; consequently,
• κv < 0 for objects moving towards us – implying that they appear smaller and dimmer






1− 1 + zs
Hχs
)
vs · n , (4.14)
which leads to an overall dipole in the magnification. In all our calculations, we assume that this dipole is
subtracted.
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than typical objects at their observed redshift. Their angular distance is higher than
inferred from the observed redshift.
• κv > 0 for objects moving away from us – they appear larger and brighter than typical
objects at their observed redshift. Their angular distance is less than inferred from the
observed redshift. In the case of objects at the far end of a void, this magnification is
opposite to the demagnification from κg, leading to a significant anti-lensing effect [89].
With increasing redshift, the factor in brackets in Eq. (3.12) decreases in amplitude, so the
magnitude of the Doppler lensing falls – while that of κg grows. The factor in brackets goes
through zero at the maximum of D̄A, i.e. at z ∼ 1.5 in ΛCDM. Therefore κv profiles change
sign at high redshift; this is due to an effect which dominates at high redshift, in which the
object’s image experiences significantly more (or less) cosmic expansion than we inferred
from its observed redshift.
On what scales is the Doppler lensing important? Using the estimate |v| ∼ H0δ/k, we expect
the effect to be important on large scales. The factor in Eq. (4.30) is O(1) for z . 1, but
its magnitude falls at high redshift. The region where the Doppler lensing dominates over
standard gravitational lensing is shown in Fig. 4.2. This has been calculated as the points
in wavenumber ` and redshift z where a Doppler lensing power spectrum equals that of a
gravitational lensing power spectrum; see Section 6 for details of how we calculate the power
spectrum (Eq. 4.53). We see that Doppler lensing dominates over gravitational lensing at
medium-to-low redshifts and wavenumbers (` . 1000 at z = 0.2, and ` . 100 at z = 0.4).
As we will see in Section 6.3, the distinct redshift behaviour of Doppler lensing allows us to
measure it at much higher redshifts as well.
4.3 Simulations
For the purpose of testing our Doppler lensing measurement techniques on observational data
we construct two mock galaxy catalogues: 1) a wide-angle 50◦ × 50◦ survey with galaxies
having redshifts up to z = 0.3; and 2) a deep 10◦ × 10◦ survey up to z = 1.
These mock catalogues were constructed using the data from the Millennium simulation
[184,185]. The Millennium simulation is an N-body simulation for a concordance cosmology
(Ωm = 0.25, ΩΛ = 0.75, H0 = 73 km s−1 Mpc −1). It consists of approximately 109 particles
of mass 8.6×108Mh−1 within a cube of volume (500h−1 Mpc)3. The Millennium simulation
is a pure dark matter simulation, but can be populated with galaxies using semi-analytic
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galaxy formation models. For our mock catalogues we use the semi-analytic galaxies of [186].
Both data sets are accessible online3.
The procedure for creating the mock catalogues is as follows: the observer is placed at the
origin (X=0=Y=Z) of the Millennium box. Because of periodic boundary conditions, if the
light ray exits the Millennium box, it enters the other side of the box with entry angles the
same as the exit angles. The boundaries of the light cone are as follows: the angle between
the X and Y axes is set to be between 36 and 86 deg, and the angle between the Z axis and XY
plane is set to be between 2 and 52 deg. We then use the semi-analytic galaxies data of [186]
(the SQL query select snapnum, x,y,z,velX,velY,velZ,r mag from Guo2010a..MR). If
a galaxy lies within the light cone boundaries (we check for single as well as multiple cross-
ings of the Millennium box, and in addition we compare the time of propagation against
the snapshot number) then we use the position and velocity data to calculate the cosmo-
logical distance, line of sight velocity, and redshifts (both the purely cosmological and the
observed redshift affected by the peculiar velocity). Then using Eq. (3.12) we calculate the
Doppler lensing. To calculate the gravitational lensing we using the dark matter distribution
smoothed with a Gaussian kernel of 1.25h−1 Mpc (the SQL query select snapnum, phkey,
g1 25 from MField..MField). The convergence κg is evaluated using Eq. (4.9). Finally,
we calculate the observed magnitude
m = mrest + 5 log10DL + 25, (4.16)
where
DL(zs) = (1 + zs)2D̄A(zs)(1− κg − κv). (4.17)
For the purpose of our studies we only select galaxies whose observed magnitude is brighter
than 26 in the r SDSS band.
An example of a narrow light cone of 0.25 sq deg extracted from our mock catalogue is
presented in Figs. 4.3 and 4.4. Fig. 4.3 shows the dark matter distribution and line of sight
velocities of galaxies within this narrow light cone. We can see large variations in both
distributions. The standard deviation of the line of sight velocities of all galaxies in the
mock catalogue in the redshift range of 0 to 0.3 is approximately vrms = 355 km/s, while
the average velocity (in any direction) is approximately v̄ = 535 km/s. As seen from the
lower panel, most velocities of galaxies are within this range, with occasional spikes that are
seen around large overdensities in the vicinity of large voids - for example at z ≈ 0.195 and
z ≈ 0.268 where the density contrast is δ ≈ 14.3 and δ ≈ 21.5, respectively, and the line of
3 http://gavo.mpa-garching.mpg.de/MyMillennium
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Figure 4.3: Dark matter distribution (δ) and the line of sight velocity (vlos = −v · n)
within a narrow light cone of 0.25 sq deg, as a function of background cosmological redshift
zcosmological = z̄ (i.e. unaffected by the motion of galaxies).
sight velocity is vlos ≈ 1200 km/s and vlos ≈ 2500 km/s respectively.
As explained in Section 4.2, both the matter distribution along the line of sight and the
peculiar velocities of galaxies contribute to convergence, and via convergence they affect
the observed size and magnitude of galaxies. These effects are presented in Fig. 4.4. The
gravitational lensing is an integrated effect, and so the induced gravitational convergence is
a slowly varying function, without such a large variation as the Doppler convergence, which
is a local phenomenon. We see that for redshifts below 0.3 the Doppler lensing dominates
in the convergence, κ ≈ κv  κδ. Therefore, in this redshift range the convergence κ traces
the local velocity field rather than the integrated density field along the line of sight, as is
expected given the predictions presented in Fig. 4.2. We see that the Doppler lensing also
significantly affects the change in magnitude of galaxies, which is presented in the lower
panel of Fig. 4.4 and evaluated as
∆m = 5 log10(1− κv − κδ). (4.18)
The shape and the amplitude of ∆m around cosmic voids seen in Fig. 4.4 is comparable
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Figure 4.4: Observed convergence (κ) and the resulting change in magnitude (∆m), within
a narrow light cone of 0.25 sq deg, as a function of the observed redshift (i.e. affected by
the motion of galaxies). The convergence κ is presented in the upper panel; the Doppler
convergence κv is shown using stars, and the gravitational convergence κg using open circles.
The dashed line presents the predicted standard deviation of the gravitational lensing signal
from Eq. (4.19), and the solid and dotted lines present the predicted variation of Doppler
lensing evaluated from Eq. (3.12) with vs = 355 km/s and vs = 535 km/s respectively. The
change in magnitude ∆m = 5 log10(1 − κv − κg) is presented in the lower panel; the solid
line show the predicted variation ∆m̄ = 5 log10[1− (κ̄2v + κ̄2g)1/2].
with that reported by [89], whose results were based on analytical models of single structures
embedded in the otherwise homogeneous Universe. Note the behaviour of the convergence
and magnitude around non-linear structures, where we obtain steep two-valued functions
of redshift. This is caused by the conversion from background redshift to observed redshift
(and is a contribution to the Doppler lensing effect which is not captured by our first order
treatment in Section 4.2).
We also compare data from this narrow light cone with the expected amplitude of the Doppler
lensing κ̄v and gravitational lensing κ̄g. The predicted standard deviation of Doppler lensing
is evaluated from Eq. (3.12) and is presented in the top panel of Fig. 4.4 with solid and
dotted lines (for velocity v = vrms = 355 km/s and v = v̄ = 535 km/s respectively). The
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dk kP (k, z)2π , (4.19)
and this corresponds to the dashed curve in the upper panel of Fig. 4.4. Similarly, the
expected variation of magnitude
∆m̄ = 5 log10[1− (κ̄2v + κ̄2g)1/2], (4.20)
accurately predicts the variation in magnitude within the light cone. Both the convergence
and the change in magnitude seen in the figure appear to be within reasonable observational
limits, and therefore we might expect to measure them with prospective surveys. We will
now turn to the issue of making predictions for the Doppler lensing effect with such surveys.
4.4 Prospective Surveys
In Sections 4.5 to 4.7 we will make predictions for measuring Doppler lensing signals with
a selection of realistic cosmological survey configurations, representative of forthcoming sur-
veys. We will examine the prospects with three imaging surveys of increasing size, each with
dense spectroscopic follow-up:
(i) A 5000 square deg imaging survey, such as that being carried out with the Dark Energy
Survey (DES)4. We suppose that convergence estimators will exist for all galaxies observed
in redshift range 0.1 < z < 0.3; we posit dense spectroscopic follow-up for 0.1 < z < 0.3
from e.g. 2dF and SDSS overlap regions, plus further spectroscopic redshift campaigns. We
assume a number density of objects in the spectroscopic sample of 0.7 per sq arcmin.
(ii) A 15000 square deg imaging survey, such as that planned with the Euclid space telescope5
[180]. Again we include convergence estimators for a sub-sample of the photometrically
observed galaxies, for which we assume we have spectroscopic redshifts, obtained with a
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(iii) A 30000 square degree imaging survey, such as the Phase I and/or II Square Kilometre
Array (SKA, [187]) could achieve. We choose the same galaxy redshift range and density as
before, and suppose that HI spectroscopic redshifts will be available for this galaxy catalogue.
In each of these three cases we assume the same convergence estimator intrinsic noise of
σκ = 0.3 throughout the spectroscopic sample. Notice that in this Chapter, we are restricting
ourselves to a survey in the redshift range 0.1 < z < 0.3; this is very conservative, as there
is a recoverable Doppler lensing signal at higher redshifts too (see Section 6.3). However, at
these higher redshifts, one needs to disentangle the gravitational and Doppler lensing signals;
while we sketch the way to achieve this in Section 6.3, we defer detailed predictions for this
more complicated case to a future work.
We now turn to assessing the viability of detecting and utilising Doppler lensing with forth-
coming surveys.
4.5 Measuring the signal around stacked overdensities
As an introductory example of Doppler lensing signals which can be measured, we consider
the Doppler convergence in a spherical region around an over or under-density, e.g. a void
or supercluster – this idealised case was shown to give significant Doppler lensing in [89].
Averaging the convergence κv over the objects in the spherical region will lead to a value
close to zero, since the Doppler convergence in front of the over- or under-density centre
will have the opposite sign to that behind the centre which shows the signal in front of and
behind a void centre, and Figure 1 in [89].
To avoid this, we can instead average in the sphere the quantity κv cos θ, where θ is the
angle between the line of sight and the line connecting the overdensity centre to the lensed
galaxy. We will consider a spherically symmetric velocity profile v(r), where r is the distance
from the centre of the overdensity, which we assume is much smaller than its distance from
the observer. Redshift space distortions will squeeze the sphere into an oblate spheroid in
redshift space, but the ellipsoidality of this spheroid is less than 10% on 50Mpc scales and
we neglect this distortion in our locus of averaging here. The component of velocity along
the line of sight is v(r) cos θ, so κv cos θ is proportional to cos2 θ. Averaging over all spherical
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annuli of volume 2πr2 sin θdθdr out to radius R, we obtain









where n(r) is the 3D number density of objects at radius r and A = (1− 1/aχH), assumed









where σκ is the intrinsic dispersion on the convergence estimator for an object. In the simple
case where the number density of objects is considered to be uniform throughout, denoted









where v̄ is a typical velocity defined by the ratio of integrals in Eq. (4.21).
We show the resulting signal-to-noise for measuring the κv cos θ signal around stacks of 100
over/under-densities in Fig. 4.5. Note that here we are examining an optimal situation
where these voids are spherical and all of the same size and profile. We show the result
for spherical averaging in a radius of 50Mpc, with v̄ = 100kms−1; Eq. (4.23) shows how to
scale for different choices of v̄ and radius. We see that it may just be feasible to detect the
Doppler lensing in this fashion, with acceptable S/N of > 5, and it is considerably easier
to do this at low redshift (i.e. we do not have to stack so many overdensities). We also see
that at no redshift is the measurement feasible for a single void or cluster; stacking would
always be necessary. This naturally leads us on to consider other more powerful statistical
approaches to measuring Doppler lensing.
4.6 Two point statistics
We now describe suitable two-point statistics for Doppler lensing, which can be measured
with forthcoming surveys. We calculate the uncertainties on these statistics for the surveys
described in Section 4.4, and show predictions for cosmological parameters from these statis-
tics. We discuss the systematic effects which could afflict the Doppler lensing measurements,
and describe how some of these can be mitigated.
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Figure 4.5: Signal-to-noise for measuring the signal for 100 stacked overdensities, with char-
acteristic velocity v̄ = 100kms−1 and radius R = 50Mpc, as a function of redshift.
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4.6.1 Overdensity-convergence cross-correlation
We will first consider the cross-correlation between the overdensity δ and the Doppler con-
vergence κv. We expect there to be a substantial cross-correlation between these quantities,
as overdensities generate the gravitational potential wells which galaxies will fall into with
some velocity - and velocity generates Doppler convergence. However, care needs to be taken
in constructing a suitable statistic, as velocities from galaxies moving away from us could
cancel with velocities moving towards us.
Both the density fluctuation and the Doppler convergence are, at a given redshift, scalar
functions on the sky, so one can expand them in spherical harmonics. In direction on the








δ`m(z)Y`m(θ) = δ(z,n) .







The angular cross-power spectrum Cδκv` can then be extracted from the average
〈δ`m(z)κv
∗
`′m′(z′)〉 = Cδκv` (z, z′)δ``′δmm′ . (4.26)
We can also calculate the correlation function between two objects separated by angle θ:






` (z, z′)P`(θ) , (4.27)
where P` are the Legendre polynomials. In order to calculate the cross-power spectrum Cδκv` ,
we need to obtain spherical harmonic decomposition coefficients for both the overdensity
and the Doppler convergence. We use the same convention in Eq. (2.98) for the Fourier
decomposition and Eq. (2.99) for the power spectrum. Taking the Fourier transform of
Eq. (2.90), ignoring the sub-dominant term proportional to (aΨ)′, and expanding the plane
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where we have expanded the exponential in terms of spherical Bessel functions j` in the usual
way. In this equation we have introduced a linear bias b(z) relating the galaxy overdensity
to the total matter overdensity, δg(z) = b(z)δ(z); from now on we will suppress the subscript
g.
We now introduce a window function W1(z) over which we will consider the overdensity (this
is the range of one tomographic bin). We can write the averaged overdensity in this thick
redshift shell as





















Now we turn to the Doppler convergence which we recall
κv(z,θ) = −
[
1− 1 + z
χH
]
v · θ (4.30)





The weight function W2 is specified in Eq. (4.42); it depends additionally upon the redshift












(2π)3/2 Ψ(k, η)θ ·∇(e
ik·x) (4.32)
We expand the exponential in spherical harmonics while taking its spatial derivative along
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where we have used Eq. (2.99). In addition, we have written the potential power spectrum
PΨ in terms of the primordial power spectrum PΨi(k),
PΨ(k, χ, χ′) = PΨi(k)T̃ (k, χ)T̃ (k, χ′) (4.36)
where
T̃ (k, χ) = T (k)G(χ) (4.37)
and
G(χ) = g′(χ) + aHg(χ) (4.38)
where g(χ) is the growth suppression factor, and T (k) is the transfer function. It is then
straightforward to deduce Cδκv`
















The definition of G(z) is provided by Eq. (4.38), g(z) is the growth suppression factor, and
b(z) is the linear galaxy bias. In a real survey, we will examine the cross-correlation in
redshift bins of finite width. This is taken into account using window functions W in the
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radial direction. The cross-power spectrum for a particular tomographic bin from Eq. (4.26)





























where N is a normalization factor. As realistic examples of what could be measured by a
survey, we choose (i) a thick bin of width ∆z = 0.2 between zmin = 0.1 and zmax = 0.3, and
(ii) two thick tomographic bins of width ∆z = 0.1 between zmin = 0.1 and zmax = 0.3. The
Doppler lensing prevails over gravitational lensing at low and intermediate redshift, and we
will therefore neglect the latter. We select the galaxy density fluctuations δg in these thick
redshift bins using the window function
W1(z) = n(z)Θ(z − 0.1)(1−Θ(z − 0.3)) (4.41)
and the equivalent for the tomographic bins; the galaxy redshift distribution in the bins is
approximated as n(z) ∝ z2 where the proportionality constant is chosen to give the required
galaxy density, and Θ is the Heaviside function.
We need to be careful in selecting appropriate objects with measured convergences to cross-
correlate with these galaxy density fluctuations. Since an overdensity only generates in-
fall velocities over a relatively small distance (or redshift range), we only consider count-
convergence pairs for which the two points are within a redshift distance of each other
∆z = 0.02. In addition, we need to avoid averaging Doppler convergences in front of and
behind an overdensity, as these cancel each other out (c.f. Section 4.5). This is achieved by
using a one-sided top hat function for the second window function,
W2(z, z′) = n(z)Θ(z − z′)(1−Θ(z − z′ − 0.02)) (4.42)
where z′ is the redshift of the overdensity, in front of the convergence at redshift z. The
cross-power for convergence in front of overdensities has the same amplitude and opposite
sign, so we will average the absolute value of these two signals, reducing the noise on the
power by a factor of
√
2.
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As can be noticed from Eq. (4.40), the computation is quite expensive as it involves three
integrals. To circumvent this issue, we subdivide each thick bin into thin shells, so the
computation of the cross-correlation for each thin shell involves only two integrals. For
each thin shell, we fix the redshift of the overdensities, then compute the two point function
between this overdensity slice and the convergences behind it within a bin of width ∆z = 0.02.




























(When we write Cδκv` with one argument (z) rather than two (z, z′) we are referring to
Eq. (4.44).) We finally take the average of all the Cδκv` (z) related to each thin shell to obtain








The average angular power spectrum C̄δκv` for 0.1 < z < 0.3 is shown in Figure 4.6 (top
panel). To account for the non-linear evolution of the potential on small scales, the cross-
power was computed using the HALOFIT formula [173], modifying the growth and transfer
function. In our calculations, the non-linear matter power spectrum was generated using
CAMB [108, 188], then the effective growth suppression factor becomes dependent on both
redshift and wavenumber due to non-linearity, and is computed as
gNL(z, k) = (1 + z)
√√√√PNL(z, k)
P (k) (4.47)
where PNL(z, k) is the non-linear matter power spectrum, and P (k) is the present day linear
matter power spectrum. At small k (large scales) we have gNL(z, k) ' g(z); the non-linear
part of the growth suppression factor comes into play when k is large (small scales).
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To assess the detectability of the signal, we have computed the error bars for the three
different surveys in Section 4.4, with sky coverage fsky = 1/8, 3/8, and 3/4 respectively. The


















where nκ is the number density of the thin convergence bin and ng is the number density of
the thick bin in question. Fig. 4.6 (top panel) shows the errors (shaded area) corresponding
to each survey. The signal can be measured over a wide range in wavenumber in all three
survey configurations; note that the error is on each individual `, so band averaging can be
used to measure the signal to high `. The errors are large on low ` modes due to cosmic
variance, and are large at high ` due to the limited number of objects at small scales. In
addition, we expect that gravitational lensing will dominate over the doppler lensing signal
presented here for ` & 1000 (see Fig. 4.2).
We can now calculate the angular correlation function in real space, using Eq. (4.27). To











where ∆θ is the angular bin size; here we choose ∆θ = 6′. The correlation function and
errors for different surveys, for one thick redshift slice 0.1 < z < 0.3, are shown in the lower
panel of Fig. 4.6; notice the small error bars on this statistic for each of our prospective
surveys.
We can obtain from these statistics estimates of constraints on cosmological parameters,













where Xα is the set of cosmological parameters we consider. Here we chooseX = {A, b, h,Ωb,
Ωm, w0}, where A is the primordial power spectrum amplitude, b is the linear galaxy bias, h
is the Hubble parameter, Ωb is the baryon density parameter, Ωm is the total matter density
parameter, and w0 is the dark energy equation of state. We calculate this Fisher matrix
using wavenumbers 1 < ` < 1000. Assuming the parameter likelihood is approximately
a multivariate Gaussian around its peak, the Fisher matrix is the inverse of the covariance
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Figure 4.6: Top: average angular cross-power spectrum C̄δκv . The errors are computed by
considering the three surveys with sky coverage fsky = 1/8, 3/8, 3/4 respectively. Doppler
lensing dominates over gravitational lensing for ` . 1000. Bottom: corresponding average
angular cross-correlation ξδκv in real space as a function of angle θ in arcmin, in angular bins
of width 6′.
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Figure 4.7: 68% (blue) and 95% (light blue) confidence ellipses for cosmological parameters.
Here, survey (iii) is used to compute the Fisher matrix, with two low redshift tomographic
bins.
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matrix of the parameters; in Fig. 4.7, we show the resulting 68% and 95% CL ellipses for pairs
of cosmological parameters, where the other cosmological parameters have been marginalised
over. We show the results for the two tomographic bin case, for survey (iii) with no other
cosmological information (e.g. Planck or supernovae priors). We see that the constraints
are very promising, bearing in mind that this is for only two low redshift tomographic bins;
we obtain marginalised error on dark energy equation of state of σw = 0.13. We pursue the
question of whether we can push our measurements to high redshift in § 4.6.3.
In order to demonstrate the practicality of measuring this signal, we have measured the
cross-correlation function ξδκv in our 50◦ × 50◦ simulated dataset (see Section 3). We use
the same window functions as above: we include galaxies with redshifts 0.1 < z < 0.3,
dividing these into two bins with 0.1 < z < 0.2 and 0.2 < z < 0.3. We average the galaxy
counts and Doppler convergence estimators in pixels with size 1◦ transversely and 0.001 in
the redshift direction, calculating δg as the overdensity of counts in pixels. We then calculate








where sum A is over δ pixels in the jth thick tomographic bin, and over κv pixels with z′ > z,
within 0.02 in redshift of the δ pixel in the pair, and with appropriate angular separation
to be in the θi bin. Sum B is over δ pixels in the thick tomographic bin, and over κv pixels
with z′ < z, within 0.02 in redshift of the δ pixel in the pair, and with appropriate angular
separation to be in the θi bin.
We show our resulting correlation function in two tomographic bins in Fig. 4.8. We see
that the simulated measurements are similar in magnitude to our theoretical calculations,
and are precisely measured even when splitting the signal tomographically. Deviations from
our theoretical curves will be reduced in future by more detailed modelling of the nonlinear
velocity field, and and taking into account the slope effect seen in Fig. 4.4.
4.6.2 Doppler convergence autocorrelation
Having calculated the cross-correlation between the overdensity δ and the Doppler conver-
gence κv, it is also of interest to calculate the power spectrum and auto-correlation for
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Figure 4.8: Overdensity - doppler convergence cross-correlation function as a function of
separation angle. The solid lines show the correlation measurements for the tomographic
bins 0.1 < z < 0.2 (upper line) and 0.2 < z < 0.3 (lower line), and the dashed lines show
the theoretical predictions.
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Doppler convergence. Using the definition
〈κv`m(z)κv
∗
`′m′(z′)〉 = Cκvκv` (z, z′)δ``′δmm′ (4.52)




























[88] used the continuity equation involving the density fluctuations to compute this Doppler
convergence power spectrum, whereas in our case we have used the potential Φ and have
recovered the same results.
To show the feasibility of measuring Doppler lensing correlations, we make calculations for
the three surveys in Section 4, choosing the same thick redshift bins as in Section 6.1: (i)
a thick bin of width ∆z = 0.2 between zmin = 0.1 and zmax = 0.3, and (ii) two thick
tomographic bins of width ∆z = 0.1 between zmin = 0.1 and zmax = 0.3. We correlate all
the objects at a given redshift z′ with all the objects behind within a distance of ∆z = 0.02,
and we average over the thick bin in question. For these configurations, W1(z) has the same
form as Eq. 4.41 and W2(z) is given by
W2(z, z′) = n(z)Θ(z − z′)(1−Θ(z − z′ − 0.02)) (4.54)
Again, since the computations are expensive due to the three integrals, we adopt the same
approach we used for the cross-correlation function; the Doppler convergence power within






























Then the average Doppler convergence power within a thick bin is found using
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Figure 4.9: Top: Power spectrum of the Doppler convergence in harmonic space. The dashed
line indicates negative values, whereas the solid line indicates positive values. Bottom:
Correlation function of the Doppler convergence in real space.








Fig. 4.9 shows the resulting angular power spectrum C̄κvκv` for redshift averaging (i). At low
wavenumber (large physical scales), the signal is positive, indicating that most pairs at large
separation in this redshift slice are on the same side of the nearest large-scale gravitational
well, which may extend outside of the slice. At high wavenumber (small physical scales),
we have negative values indicated by the dashed line; this is due to there being an excess
of pairs in our sample on these scales which have velocities facing towards each other (due
to there being many small-scale potential wells within the redshift slice for which pairs can
exist on either side). We compute the errors in the power spectra for our three surveys; the














where nthin and nthick are the galaxy number densities of the thin shell and the thick bin
respectively. We see in Fig. 4.9 that the Doppler convergence power spectrum can be mea-
sured on a range of scales; note again that the errors shown are for each individual `, so
averaging in band powers will lead to tighter error bars on each bin.








The bottom panel of Fig. 4.9 shows the Doppler convergence correlation in real space for
redshift averaging (i). Again, the error bars are computed for the three surveys defined in
Section 4.4, using Eq. (4.49), choosing a bin size ∆θ = 6′. We see that the autocorrelation
function is measurable with each of the three surveys, but at lower signal-to-noise than the
cross-correlation function ξδκv .
We use our 50◦ × 50◦ simulated dataset (see Section 4.3) to attempt to measure the auto-
correlation ξκvκv . We use the same window functions as above: we include two redshift bins
with 0.1 < z < 0.2 and 0.2 < z < 0.3. Using the same pixelisation as in § 4.6.1, we calculate
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Figure 4.10: Doppler convergence autocorrelation function as a function of separation angle.
The solid lines show the correlation measurements for the tomographic bins 0.1 < z < 0.3
and 0.2 < z < 0.3, and the dashed lines show the theoretical prediction.
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where sum A is over κv pixels in the jth thick tomographic bin, and over κv pixels within 0.02
in redshift (either side) of the first pixel in the pair, and with appropriate angular separation
to be in the θi bin.
We show our resulting correlation function in two tomographic bins in Fig. 4.10. We are
able to measure the signal between 1◦ and 10◦ on this 2500 sq deg survey, in two low redshift
bins. Our measurements are of a similar amplitude to the predicted values, but are somewhat
suppressed in both tomographic bins; further modelling of the nonlinear velocities and the
slope effect of Fig. 4.4 are clearly required for more accurate predictions
4.6.3 The impact of intrinsic size/brightness correlations and grav-
itational lensing
In the above analysis, we have neglected two potential contributors to our correlation func-
tions: intrinsic size/brightness correlations between galaxies, and the gravitational lensing
effect. Here we will discuss how these two effects impact our results. For simplicity, we
will only discuss size throughout this section, although all the same arguments pertain for
magnitude.
Intrinsic correlations
It is well known that gravitational lensing shear studies suffer from a systematic effect, the
intrinsic alignment of galaxy ellipticities (see e.g. [190]). Two effects contribute: the ‘II’
effect where two background galaxies are physically aligned with each other, mimicking the
gravitational shear signal; and the ‘GI’ effect where a background galaxy is lensed by a
foreground halo, which is also affecting the orientation of a physically nearby galaxy.
It is plausible that similar intrinsic correlations exist for the size of objects. The equivalent
of the ‘II’ effect is the possibility that galaxies which are near each other and in a similar
environment may have correlated physical sizes. There are two effects equivalent to the
‘GI’ effect: the first is the idea that a background object may have gravitational lensing
convergence because of a foreground halo, which is also contributing to an environmental
dependence on another galaxy’s size in its vicinity. The second is the idea that an object may
have Doppler convergence due to a nearby halo, which is also contributing to an environ-
mental dependence on another galaxy’s size in its vicinity. Will these effects cause problems
for Doppler lensing measurements?
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We can analyse the issue symbolically in the following way. The excess size of an object can
be described by a total estimated convergence,
κ = κint + κv + κg (4.61)
where κint is a measure of the fact that a galaxy may be intrinsically larger or smaller than
usual. κv and κg are the Doppler and gravitational lensing convergence respectively.
If we autocorrelate the total convergence, we obtain
〈κκ〉 = 〈κintκint〉+ 2〈κvκint〉+ 2〈κgκint〉+ 2〈κgκv〉+ 〈κgκg〉+ 〈κvκv〉 (4.62)
The first term here is the II term; the next two terms are the two GI terms; the sixth term is
the Doppler auto-correlation that we are interested in. We will discuss the fourth and fifth
terms in the next subsection.
Of the first three terms, we can immediately discount the third for the Doppler lensing
statistics discussed above. The source of such a correlation would be a halo near a galaxy
with κint, which also gravitationally lenses the other galaxy in the correlation function pair.
Our Doppler lensing auto- and cross-correlations are designed to only include pairs separated
by a small distance in redshift (∆z = 0.02), over which distance the growth of gravitational
lensing convergence is insignificant.
However, the first and second terms need not be small; as in gravitational lensing shear
studies, it will be necessary to develop a model for intrinsic size correlations, and fit jointly for
Doppler convergence and size correlation parameters when making cosmological constraints
with the autocorrelation function.
The situation is much simpler in the case of the overdensity-Doppler cross-correlation. Here,
the terms are
〈κδ〉 = 〈κintδ〉+ 〈κvδ〉+ 〈κgδ〉 (4.63)
The term we are interested in is the second term; we will consider the third term in the next
subsection. The first term is the systematic intrinsic size term, which for some choices of
correlation function could be large - the intrinsic size of galaxies plausibly depends on the
density of their environment. However, we have chosen to average pairs with opposite signs
depending on whether the κ-galaxy is in front of or behind the δ-galaxy. Since κint has no
knowledge of whether it is in front of or behind an overdensity, this term averages to zero.
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Hence our cross-correlation is not affected by intrinsic size correlations. The same is true of
the statistic in Section 4.5, which again averages convergence with opposite signs in front of
and behind an overdensity centre (via the cos θ factor).
Gravitational lensing
In addition to the intrinsic size correlation, a further effect can mix with the Doppler lensing
signal: gravitational lensing itself. We see this in Eq. (4.62), where the fourth and fifth terms
involve gravitational lensing convergence.
The fourth term describes correlations between Doppler and gravitational lensing. This can
be made large for some configurations - for instance if the average is over pairs selected to be
where one object is just behind an overdensity (and hence Doppler lensed), and the other is
far behind the same overdensity (and hence gravitationally lensed). However, for the average
suggested in § 4.6.2, the term will be very small due to the thin ∆z = 0.2 redshift shell - a
halo causing Doppler convergence in a nearby galaxy cannot cause substantial gravitational
lensing in such a thin shell.
The fifth term is negligible at low redshifts (c.f. Fig. 4.2), and hence does not impact on our
calculations in § 4.6.2 made for 0 < z < 0.3. However, at higher redshifts, this term will
dominate over the Doppler autocorrelation. In this case, it is still possible to distinguish the
gravitational lensing and Doppler lensing signals, due to the fact that while convergence is
caused by Doppler and gravitational lensing, shear is only caused by gravitational lensing to
a very good approximation [88]. In addition, the two point statistics of gravitational shear
and gravitational convergence are identical [125]. Hence, if we have estimators for total
convergence κ and shear γ for a set of objects, and if intrinsic alignments and intrinsic size
correlations have been fully modeled and subtracted, we have
〈κκ〉 = 〈κgκg〉+ 〈κvκv〉 (4.64)
〈γγ〉 = 〈κgκg〉 (4.65)
Therefore the shear correlation function gives us the pure gravitational lensing signal, and
〈κκ〉 − 〈γγ〉 gives us the pure Doppler lensing signal.
Again the situation is much simpler with the cross-correlation, Eq. (4.63). While the third
term here can be large for a thick redshift bin with uniform averaging, this is not the
configuration chosen in § 4.6.1. There, the average is over a thin slice, and has opposite
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signs depending on whether the κ object is in front of or behind the δ object. Hence we
expect this term to average to a small value (the typical lensing due to an overdensity at
a redshift separation < 0.02 behind the overdensity) even at high redshift, leaving only the
second term which is the Doppler cross-correlation of interest.
We have measured the cross-correlation function given in Eq. (4.51), in a thick δ bin of
0.5 < z < 0.9, with a thin κ region of ∆z = 0.02, and opposite signs on the average when
κ is in front of or behind δ. We measure the cross-correlation function for our simulation
with gravitational lensing switched off, then with gravitational lensing present. The results
for these two cases are shown in Fig. 4.11; we see that gravitational lensing does not appear
to have a significant effect on this statistic, even at high redshift. Nevertheless, for future
precision cosmological measurements, a joint model of Doppler and gravitational lensing will
remove any remaining bias.
4.7 Maps
In addition to the two-point statistics above, Doppler lensing allows us to make spatially
resolved maps of a quantity related to the gravitational potential. Combining equations the
general relativistic Poisson equation which we recall
δ = 2a3H20 Ωm
[∇2Ψ− 3aH(Ψ′ + aHΨ)] (4.66)
and (3.12) we find that






χaH − 1κv(z,n). (4.67)
Hence by combining our measured estimates of κv(z,n) with models or measurements of the
other quantities in the integral, we are able to map the quantity on the right hand side.
Alternatively, we could make a map of a quantity φ which is closer to the data, which we
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Figure 4.11: Overdensity - doppler convergence cross-correlation function as a function of
separation angle, for a thick δ bin at 0.5 < z < 0.9. Solid line shows the cross-correlation
when gravitational lensing has not been added to the simulation; dashed line shows the
cross-correlation including gravitational lensing.
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which is a map combining information about geometry and potential; it is somewhat anal-
ogous to the lensing potential in gravitational lensing, which also includes an integral along
the line of sight involving the gravitational potential and geometric factors. However, the
two potentials behave differently: the gravitational lensing potential can be considered to be
a 2-D projection of the gravitational potential, and varies only slowly with source redshift.
On the other hand, the Doppler lensing potential is an integral of the derivative of quantities
including the gravitational potential, so varies rapidly with source redshift in a similar way
to the gravitational potential itself.




dz′φ(z′)W ′(z′ − z) (4.70)





dz′κv(z′)W (z′ − z) (4.71)
where W is the integral with respect to redshift of W ′. Here we choose




















We make φs maps with our 50◦× 50◦ simulation (described in Section 3), for both the noise-
free case and the case where κv has realistic noise on each galaxy. We choose a smoothing
radius of σz = 0.02 for the radial convolving kernel above, and in addition smooth trans-
versely with a Gaussian, with smoothing radius of 3◦. An example slice at z = 0.2 of the true
φs field is shown in the top panel of Fig. 4.12, together with the reconstructed φs field from
noisy convergence data in the lower panel. We see that the reconstructed field bears a strong
resemblance to the true φs field, with peaks and troughs in the field faithfully reproduced.
An alternative representation of the field is shown in Fig. 4.14; the top panel shows the true
φs field in 3D, where an isocontour φs = 0.01 has been drawn. The lower panel shows the
reconstructed φs field, in the presence of realistic convergence noise. Again we see that the
Doppler lensing potential appears to be well estimated in this large 3D volume.
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Figure 4.12: Top panel: Smoothed Doppler potential map for a slice at z=0.2. Here, no
noise has been added to the Doppler convergence at each galaxy, so this represents the true
field we seek to reconstruct. Bottom panel: Smoothed Doppler potential map for the same
slice, now with noise added to the Doppler convergence at each galaxy.
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Figure 4.13: Reconstructed Doppler potential versus true Doppler potential for the wide
field simulation, 0 < z < 0.3.
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Figure 4.14: Top panel: Smoothed Doppler potential 3D map, at isocontour φs = 0.01.
Here, no noise has been added to the Doppler convergence at each galaxy. Bottom panel:
Smoothed Doppler potential map for the same isocontour, now with realistic noise added to
the Doppler convergence at each galaxy.
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This is quantified for the full 3-D field in Fig. 4.13, which shows the Doppler lensing potential
pixel values of the true versus reconstructed fields. The best fit line between these quantities
is φrec = 0.96φtrue − 3.8 × 10−4, and the Pearson correlation coefficient is 0.95 for 1.2 × 105
pixels, which represents good agreement.
4.8 Conclusions
In this chapter we have investigated Doppler lensing as a probe of cosmology. This effect
causes a slight change in the inferred physical size and brightness of objects at a given
observed redshift; the magnitude of this effect is dependent on the peculiar velocities of
galaxies, and so measurements of Doppler lensing are useful as a means of constraining the
growth of structure and hence dark energy and gravitational physics.
As with gravitational lensing, the intrinsic range of sizes and magnitudes of galaxies leads to
a substantial noise on Doppler lensing which needs to be overcome by using statistics which
average over many galaxies.
A difference between gravitational and Doppler lensing is their behaviour as a function of
radial distance from a ‘lens’. Gravitational lensing convergence grows slowly behind a lens,
whereas the amplitude of Doppler lensing rapidly rises then drops to zero both in front of
and behind a lens (with different signs of the effect). Because of this, it is of great value to
measure spectroscopic redshifts for sources when measuring Doppler lensing because of the
rapid variation of the effect with redshift.
We have explained the theoretical background for the effect in Section 4.2, showing how it
originates in the alteration of redshift due to peculiar velocity, together with the fact that
we infer distances based on observed redshifts. We showed that Doppler lensing dominates
over gravitational lensing at medium-low redshifts and wavenumbers (` . 1000 at z = 0.2,
and ` . 100 at z = 0.4).
We have examined the Doppler lensing effect in a series of simulations based on the Millen-
nium simulation [184,185]. We have described these in Section 4.3, showing that they contain
the expected Doppler lensing behaviour of having large convergence each side of a cluster
or void, and of having a larger typical amplitude than gravitational lensing for 0 < z < 0.3.
We have defined three survey configurations (Section 4.4) typical of forthcoming surveys,
covering a fraction of the sky ranging from 0.12 to 0.75, and including dense spectroscopic
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redshift coverage for at least 0.1 < z < 0.3.
We showed how one can measure the Doppler lensing convergence in spheres around stacked
over- or under-densities (Section 4.5). We found that the signal is measurable with a stack
of density peaks/voids, but is not detectable on individual objects.
We then calculated two point statistics for the cross-correlation overdensity-Doppler conver-
gence , and the Doppler convergence autocorrelation (Section 4.6). In each case, we correlate
pairs which are close to each other in redshift (∆z < 0.02) as it is on these scales that the
Doppler lensing generates coherent convergence. We find that the two point correlations
function can be measured with e.g. signal-to-noise ' 80 on 10′ scales (survey 1), leading to
useful constraints on cosmological parameters. We have discussed the potential systematic
effects on the correlation functions due to intrinsic size correlations and gravitational lensing;
for the cross-correlation we propose, we have shown that these systematics are small, while
for the autocorrelation careful modelling of the intrinsic size correlation will be required.
Finally, we have shown how measurements of Doppler convergence can be used to make a
3D map of a potential field closely related to the gravitational potential. The reconstructed
potential is strongly correlated with the true potential if smoothed on 50Mpc scales, despite
the large noise term on convergence estimators.
In addition to the measurements proposed above, there are several further interesting areas
for investigation with Doppler lensing. The effect gives us a direct way of estimating the
peculiar velocity field at each galaxy, and therefore allows us to infer the velocity histogram
for a volume of the Universe, and higher-point velocity statistics in addition to two-point
statistics (redshift space distortions of the galaxy correlation function only provide the lat-
ter). Each of these quantities is sensitive to the evolution of large-scale structure, and can
provide constraints on cosmology and gravitation.
Moreover, one could use Doppler convergence averaging around particular selections of clus-
ters or galaxy types in order to probe the typical velocity field and gravitational potential
field around these objects. This is equivalent to the cluster lensing and galaxy-galaxy lensing
approaches well known in weak gravitational lensing studies.
Finally, one could combine the auto- and cross-correlation function of Doppler convergence
with auto- and cross- correlation functions for galaxy counts and gravitational lensing. Fit-
ting theory jointly to all of these correlations should provide improved constraints on bias
and growth parameters.
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To conclude, Doppler lensing affords a novel range of cosmological applications. Forthcoming
surveys, furnished with spectroscopic redshifts, will be able to make the most out of this
exciting new cosmological probe.
Chapter 5
Dipole modulation
Early works [191, 192] investigated the magnitude-distance relation and showed that the
anisotropy of the luminosity distance δDL/D̄L (area distance) arises from the inhomogeneities
of the intervening matter between the emitter and the observer. We recall from Eq. (1.21)
that the perturbation of the luminosity distance (area distance) is δDL/D̄L = −κ, where κ
is the cosmic convergence which is an observable whose effect causes the change of apparent
magnitude/observed size of distant object. As we mentioned in earlier Chapters, the con-
vergence includes many terms like the integrated density fluctuations along the line of sight
- the standard gravitational lensing - the Sachs-Wolfe effects, Shapiro time-delay, Doppler
effects and many other non-linear terms like the vector/tensor mode contributions that we
discussed in Chapter 3. It was also shown that the relative dominance of each term depends
on both the scales of interest and redshift but overall, Doppler term dominates at low redshift
and falls off with increasing redshift as opposed to the gravitational lensing - a cumulative
effect - which dominates at hight redshift. In the previous Chapter, by using overdensity-size
(of objects) correlator at low redshift, we were able to put good constraints - comparable to
those obtained from Planck - on cosmological parameters [165]. Our approach also comes
to corroborate the fact that peculiar motion constitutes a very good tool to study growth
of structure and Dark energy. In this Chapter we propose a new way of measuring Doppler
magnification. Although still based on the overdensity-size cross-correlation, this method is
new in that the way we do the averaging differs from the one we had earlier. We first explain
our method then develop the formalism upon which we build the new estimator and finally
show the results obtained from applying our technique. We point out that this Chapter con-
tains two main parts. In the first part, we use the statistical tool to constrain cosmological
parameters describing the ΛCDM paradigm, whereas in the second part we investigate any
departure from GR by using the same statistical tool.
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Figure 5.1: Schematic description of the Doppler dipole. It presents the coordinate system
we adopt throughout this Chapter (courtesy: C. Bonvin).
5.1 Dipole modulation in ΛCDM
5.1.1 Theory
As discussed in the previous Chapter on Doppler magnification, we built our correlator
upon the fact that we can observe a correlation between an overdensity ∆ with the sizes
of objects κ1 surrounding it. But, there is a subtle difference in the new statistical tool we
are developing now. Let’s suppose an over-density ∆ located at a distance r away from the
observer (O) and an object with size κ at a distance r′ away from O. The separation between
κ and ∆ is d; n̂ and n̂′ denote the directions of observations(see Fig. 5.1). We now want to
correlate the overdensity with the sizes κ of all the objects at a separation distance d from
∆. The asymmetry of the cross-correlation which arises from the angle β dependence 2 of
the correlator induces a dipole signal which we want to extract. To measure the amplitude
of the dipole one must therefore average out the angle β.
1Here we refer to the convergence κ as size of object
2Noting also that objects that tend to run away from O are magnified and those moving towards O are
demagnified
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5.1.2 Formalism
As described above, we are particularly interested at the cross-correlation function between
galaxy number count ∆(z, n̂) and the cosmic convergence
ξ = 〈∆(z, n̂)κ(z′, n̂′)〉. (5.1)
The galaxy number count reads [27,28,193]
∆(z, n̂) = b · δ − 1
H





2rr′ ∆Ω(Φ + Ψ) + ∆
rel(z, n̂) , (5.2)
where the first term is just the galaxy overdensity δg - b being the bias - the second term is
the redshift space distortion with ∂r being the derivative along the line of sight, the third
denotes the lensing magnification bias with s being the slope of the luminosity function, Φ
and Ψ the two Bardeen potentials and ∆Ω the angular part of the Laplacian












and finally the last term includes the so-called relativistic distortions. At first order, the
expression of the convergence has been computed by 3 [76, 77]




























In our analysis, we only include the contribution from the matter density fluctuations and
the redshift space distortion in the galaxy number count and select the gravitational lensing
and Doppler term from the convergence. This is a good approximation for our purposes as




























v · n̂ , (5.7)
3Dot here denotes derivative with respect to conformal time η.
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respectively.
5.1.3 Multipole expansion
To compute the quantity in Eq. (5.5) we need to expand each variable of interest in Fourier
space using the convention
f(x, η) = 1(2π)3
∫
d3k e−ik·xf(k, η) , (5.8)
therefore throughout our calculations we adopt the following Fourier decomposition for the
density contrast, the radial peculiar velocity and its derivative with respect to the comoving
distance 4
δ(n̂, z) = 1(2π)3
∫
d3ke−ik·xδ(k, z), (5.9)
v(n̂, z) · n̂ = i(2π)3
∫
d3ke−ik·xv(k, z)(k̂ · n̂), (5.10)




d3kke−ik·xv(k, z)(k̂ · n̂)2, (5.11)
respectively, where k̂ · n̂ is the cosine between the wavevector k̂ and the direction of obser-
vation n̂. The density contrast in Fourier space is







with T (k) being the transfer function [112], Ψi the primordial potential and D1(a) the growth
factor. The velocity potential reads






where again we have introduced the growth factor f(a). Since we are at low redshift, the











4We interchangeably use either r or χ to denote the comoving distance


























− b(a)− (k̂ · n̂)2f(a)
)
f(a′)〈Ψi(k)Ψi(k′)〉.(5.15)












where A is the amplitude of the primordial curvature perturbation, ns is the tilt and kλ the


























iP1(k̂ · n̂)PΨi(k), (5.18)
where we have defined x′−x = dN (see Fig. 5.1) and introduced the Legendre polynomials
P1(k̂ · n̂) = (k̂ · n̂), (5.19)
P2(k̂ · n̂) =
3
2(k̂ · n̂)
2 − 1. (5.20)
To ease the computations, we first need to alleviate the notations by letting














P1(k̂ · n̂) +
2
3f(a)P2(k̂ · n̂)P1(k̂ · n̂)
)
(5.22)
In Fig. 5.1, we now assume a cartesian coordinate system with the orthonormal basis
{x1,x2,x3} and an origin located at the observer, such that the configuration presented
in Fig. 5.1 lies within the plane perpendicular to x3. We now choose a vector N on the line
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segment d to be parallel to x1 such that N = (π/2, 0) where the first argument denotes the
angle between N and x3 and the second is the angle between N and x1. It follows that
n̂ = (π/2, β) and n̂′ = (π/2, α). To go any further, we have to recall that the spherical




iLjL(kd)Y ∗LM(k̂)YLM(N ), (5.23)






























Using the orthogonality relation of the spherical harmonic functions, the integral over the
angle is ∫
d2k̂Y ∗LM(k̂)Y ∗1m′(k̂) = (−1)m
′
δL 1δM (−m′), (5.27)












iL+1jL(kd)Y1 (−m′)(N )Y1m′(n̂′). (5.28)



























d2k̂Y ∗LM(k̂)Y ∗2m(k̂)Y ∗1m′(k̂), (5.30)
where the integral over the angle of the product of three spherical harmonics involves the 3j
Wigner symbols. After some algebra and combining everything we finally find the full-sky
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× sinα sin 2β
, (5.31)




F(k)j`(kd) , ` = 1, 3 . (5.32)
The comoving distance to κ, r′, and the angle α can be explicitly written in terms of (r, d, β)
r′ =
√
r2 + 2dr cos β + d2 , (5.33)
cosα = d+ r cos β√
r2 + 2dr cos β + d2
, (5.34)
sinα = r sin β√
r2 + 2dr cos β + d2
. (5.35)
Eqs. (5.31) to (5.35) provide the general expression (valid at all scales) for the cross-
correlation between the galaxy number count and the Doppler magnification, as a function
of the three variables (r, d, β). Using the distant-observer approximation, i.e in the regime
d/r  1,


















and Taylor expanding all functions F (z′) of z′ ≡ z(r′), to lowest order in d/r
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we finally obtain the flat-sky expression of number count - Doppler term cross-correlation
















It can be seen that the cross-correlation in Eq. (5.40) is a function of a dipole, P1 term, and
an octupole, P3 term. To extract the amplitude of the dipole and octupole we weight the
correlator by the appropriate Legendre polynomial5 and integrate over β - more precisely








































∆iκj cos βijδK(dij − d), (5.43)
where we have isolated the dipole contribution by weighting the cross-correlation by cos(β),
similar to what we did in order to obtain its amplitude in Eq. (5.41) from the flat-sky
expression in Eq. (5.40). Similarly, an obvious choice to build an estimator of the octupole




∆iκjP3(cos βij)δK(dij − d). (5.44)
5The choice of P` is based on the orthogonality relation of the Legendre polynomials
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Figure 5.2: Top panel: mean of the estimator of the dipole (Eq. (5.50)) as a function of
separation d at different redshifts z: z = 0.1 (blue solid), z = 0.3 (magenta dashed), z = 0.5
(black dotted) and z = 1 (cyan dash-dotted). Bottom panel: mean of the estimator of the
octupole (Eq. (5.51)) as a function of separation d at different redshifts z (same as those of
the dipole case).
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Figure 5.3: Top panel: Variation of the magnitude of the dipole in (z, d) space. Bottom
panel: Variation of the magnitude of the octupole in (z, d) space.
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The i and j indices are the pixel number where the number count and the convergence are
measured respectively and aN and bN are the normalisation factors. For the dipole case, in







d3xj〈∆iκj〉 cos βijδD(dij − d), (5.45)






d3xi , δK(dij − d) = `pδD(dij − d), (5.46)
`p being the size of a cubic cell (of volume V = `3p). To compute the integral over xi
one can simply fix the position of the pixel i then multiply by its volume V , which is a
good approximation since the universe is statistically homogeneous and isotropic. Then the
inner integral can be computed by using spherical coordinates, recalling that by isotropy the






dβ sin β cos β〈∆κ〉. (5.47)
Now, inserting the expression of 〈∆κ〉 and computing the integral over β yield the mean of



























































In Fig. 5.2, by choosing the set of cosmological parameters h = 0.68, ns = 0.96, Ωcdm =
0.2548, Ωb = 0.048 and A = 2.2× 10−9 in ΛCDM universe, with the bias evolving according
to [2]
b(z) = c4 exp(c5z), (5.53)
where c4 and c5 are free parameters, we show the mean of the dipole Eq. (5.50), and that of
the octupole Eq. (5.51) as a function of the separation d for different values of z. Another
way of viewing how both the dipole and octupole vary with respect to both the separation
and the redshift, we show the maps in Fig. 5.3. We clearly see that in eah case (dipole and
octupole) the overall amplitute drops off with an increasing redshift. This can be explained
by the fact that the doppler term decreases as we go at higher redshift. Since the dipole
amplitude is roughly three times larger than that of the octupole, in what follows we will
only focus on the dipole.
5.1.5 Variance and signal-to-noise



























cos βij cos βabδK(dij − d)δK(dab − d′),
(5.55)













cos βij cos βabδK(dij − d)δK(dab − d′).
(5.56)
The 〈∆i∆a〉 contribution to Eq. (5.56) is composed of a Poisson noise, which accounts for




δia + C∆(dia, βia), (5.57)






















Figure 5.4: Configuration used to calculate the second term in Eq. (5.61) (courtesy: C.
Bonvin).
where dn̄ is the mean number of galaxies per pixel. The cosmic variance is given by
C∆(dia, βia) =
(




















dkk2P (k, z)j`(kdia) ` = 0, 2, 4. (5.59)
The 〈κjκb〉 contribution contains an intrinsic error on the measurement of the galaxy’s size
and a cosmic variance contribution Cκ
〈κjκb〉 = σ2κδjb + Cκ(djb, βjb). (5.60)
The uncertainety on the size measurement σκ depends on both the galaxy type and system-
atics related to the instruments [194]. It ranges from σκ = 0.2 − 0.8. The cosmic variance
Cκ is at most of the order 10−4 in the range of redshifts we are interested in, it can therefore
be safely neglected with respect to the first term in Eq. (5.60). Inserting Eqs. (5.57) and
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C∆(dia, βia) cos βij cos βajδK(dij−d)δK(daj−d′)
,
(5.61)
where, again the first term var1 can be computed in the continuous limit by fixing the position











We use the continuous limit to compute the second term var2 in Eq. (5.61) and by homo-
geneity and isotropy we fix the position of the pixel i and multiply the result by V to account
for the integral over xi. Without loss of generality we choose the position of the pixel j in
the plane x2−x3 (see Fig. 5.4). The result is invariant under rotation of j around the x3-axis
























∆(dia, βia) cos ρ cos(π + γ)δD(s1 − d)δD(s2 − d′). (5.63)


















From Fig. 5.4 we have











We can now compute the signal to noise ratio to see if the signal is detectable when consid-
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Figure 5.5: Signal to noise ratio as a function of separation for three optical surveys, namely
SDSS (top panel), CMASS (middle panel) and LOWz (bottom panel). In each case, the
upper bound is the optimistic case where the uncertainty in the size measurement σκ = 0.3
and in the lower bound we have σκ = 0.8.
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Figure 5.6: Signal to noise ratio as a function of separation for future radio survey SKA1-Mid
for two different redshifts, z = 0.05 (top panel) and z = 0.15 (bottom panel). Here also for
the upper limit σκ = 0.3 and for lower limit σκ = 0.8.
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where the signal is given in Eq. (5.50) and the noise by Eqs. (5.62), (5.64). As shown in
Fig. 5.5, we compute the S/N for three current optical surveys which are SDSS galaxies at
z ≤ 0.2, LOWz and CMASS. The characteristics of each of those three surveys are given in
Table. 5.2 (taken from [195,196]). In this analysis, unlike in the previous one (see Chapter 4),
we consider an optimistic case where σκ = 0.3 which results in the upper bounds in Fig. 5.5
and a pessimistic case with σκ = 0.8 giving the lower bound. The choice of σκ = 0.8 is based
on the estimation of the typical dispersion on κ presented in [194] where they developed a
Bayesian approach using measurements of sizes, magnitudes and redshifts of galaxy samples.
In principle, assuming a lower intrinsic error in the size measurement σκ = 0.3, the Doppler
magnification can be detected with the current optical surveys as illustrated in Fig. 5.5.
We check the detectability of the signal with future radio surveys like SKA. To do so, we
then compute S/N for two redshift bins z = 0.05, 0.15 by considering SKA1-Mid experiment
whose characteristics are given in Table. 5.1 (taken from [3]).
zmin zmax n(z)[Mpc−3] b(z) Srms[µJy]
0.0 0.1 2.73 ×10−2 0.657 117.9
0.1 0.2 4.93 ×10−3 0.714 109.6
0.2 0.3 9.49 ×10−4 0.789 102.9
0.3 0.4 2.23 ×10−4 0.876 97.5
0.4 0.5 6.44 ×10−5 0.966 93.1
Table 5.1: Number density n(z), bias b(z) and flux sensitivity Srms per redshift bin for
SKA1-Mid where a sky coverage of 5000 square degree is assumed.
zmean Ntot V [(Mpc/h)3]
SDSS 0.1 444 475 0.657 ×106
LOWz 0.32 148 833 0.714 ×108
CMASS 0.57 380 899 0.789 ×109
Table 5.2: Total number of galaxies (Ntot) and survey volume (V) for each optical survey
at a particular redshift.
We plot in Fig. 5.6 the signal to noise ratio assuming both the optimistic and pessimistic case
again. The overall signal drops with increasing redshift. We also find that the signal will
be measured by SKA. The cumulative signal-to-noise over all separations can be calculated









〈ξ̂dip〉(da)var−1(da, db)〈ξ̂dip〉(db) . (5.68)
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By choosing a range of separation 12 ≤ d ≤ 180 Mpc/h we find for the optimistic case the
cumulative signal-to-noise is 10.2, 22.5, 19.5 for SDSS, LOWz and CMASS respectively and is
3.8, 8.4, 7.3 for SDSS, LOWz and CMASS respectively for the pessimistic case. Assuming that
the three samples are uncorrelated, we reach a total signal-to-noise of 31.4 in the optimistic
case and of 11.8 in the pessimistic case. This comes to corroborate the fact that the Doppler
magnification is detectable with those three optical surveys. For SKA experiment, we find
that the cumulative signal-to-noise over the same range of separation combining redshifts
0 ≤ z ≤ 0.5 (assuming that the redshift bins are uncorrelated) is 48.7 in the optimistic case
and 18.3 in the pessimistic case.
5.1.6 Forecasts
As the Doppler magnification can be detected with the current optical surveys and future
radio survey SKA, we want to know well the cosmological parameters can be constrained
using those surveys. Considering each type of survey, we then carry out Fisher forecast










where pα denotes all the free parameters in a model and var is the variance given in Eq. (5.61).
Optical surveys
For the optical surveys, we have three samples SDSS, LOWz and CMASS at three tomo-
graphic bins, z = 0.1, 0.32, 0.57 respectively. While accounting for correlations between
separation using the full covariance matrix Eq. (5.61) we assume that the three samples are
uncorrelated such that the three Fisher matrices related to the three bins can be combined.
In our analyses we avoid non-linearities by choosing the lowest separation to be 12 Mpc/h.
We examine different cases depending on whether the bias b is known and the growth index
is chosen to be a free parameter.
We first consider that the bias in each tomographic bin is known and the value of the growth
index is fixed to γ = 0.55(as in ΛCDM). The error contours for the joint constraints between
all the free parameters are plotted in Fig. 5.7. For the optimistic case with σκ = 0.3, we
find that the marginalised error for equation of state parameter w0 is σw0 = 0.13, which is
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Figure 5.7: Joint constraints between all the free parameters in the model. Here we consider
optical surveys (see text) and three redshift bins for our analysis. The value of growth index
γ is fixed and the bias is assumed to be completely known. The blue ellipses are for the
optimistic case σκ = 0.3 (68% blue and 95% light blue) and the red ones are for σκ = 0.8
(68% light red and 95% red).
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Figure 5.8: Joint constraints between all the free parameters in the model. Here we consider
radio survey, SKA1-Mid (see text) and five redshift bins for our analysis. The value of growth
index γ is fixed and the bias is assumed to be completely known. The blue ellipses are for
the optimistic case σκ = 0.3 (68% blue and 95% light blue) and the red ones are for σκ = 0.8
(68% light red and 95% red)
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Figure 5.9: Joint constraints between all the free parameters in the model. Here we consider
radio survey, SKA1-Mid (see text) and five redshift bins for our analysis. The bias is assumed
to be completely known. The blue ellipses are for the optimistic case σκ = 0.3 (68% blue
and 95% light blue) and the red ones are for σκ = 0.8 (68% light red and 95% red)
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Figure 5.10: Joint constraints between all the free parameters in the model. Here we consider
radio survey, SKA1-Mid (see text) and five redshift bins for our analysis. We assume a bias
model defined by two free parameters c4 and c5. The blue ellipses are for the optimistic case
σκ = 0.3 (68% blue and 95% light blue) and the red ones are for σκ = 0.8 (68% light red
and 95% red)
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Figure 5.11: Joint constraints w0-γ for three cases. Blue: we consider SKA1-Mid survey
while assuming that the bias is completely known, red: we have SKA1-Mid with an evolving
bias [2] and grey: we consider optical surveys (SDSS, LOWz and CMASS) while assuming
the bias is completely known. In each case we have set σκ = 0.3 and plotted 1-σ and 2-σ
confidence levels.
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relatively good and that of the pessimistic case is σw0 = 0.34. It can be clearly seen how the
uncertainty on the size measurement impacts on the constraints.
We now assume that we have no knowledge about the bias, by letting it be a free parameter
in each tomographic bin. We find that under such conditions it is impossible to constrain
dark energy as the marginalised error gets worse by several orders of magnitude in either
pessimistic or optimistic case.
When we add another degree of freedom by allowing the growth index to vary while as-
suming the bias is completely known, we find that the constraint on dark energy is looser
(σw0 = 0.63 for optimistic case and σw0 = 1.70 for pessimistic case) compared to the case
where γ is fixed. This is expected since by adding more degrees of freedom, the constraints
become loosened.
Radio survey, SKA1-Mid
For the future radio survey, SKA1-Mid, we choose five tomographic bins as prescribed in [3].
As in the case of optical surveys, we start our analysis by assuming that the bias is known
and the growth index is fixed. We obtain a tight constraint on dark energy σw0 = 0.04 for
the optimistic case and a constraint σw0 = 0.12 for the pessimistic case (see Fig. 5.8). When
allowing devitations from ΛCDM, by letting γ vary, the constraint in each case is loosened a
bit but still relatively tight compared to that of obtained from optical surveys (see Fig. 5.9).
When we assume that the bias is unknown, constraining dark energy turns out to be quite
hard, as expected. The marginalised error σw0 increases by several orders of magnitude.
We now consider an evolution of the bias [2]. We find that the constraints on dark energy
are promising either we allow some departure from ΛCDM or not. However the case with
fixed growth index offers tighter constraints with σw0 = 0.12 against σw0 = 0.30 when γ is
a free parameter6. In Fig. 5.10 we plot the ellipse contours of the model including γ as a
free parameter. In Fig. 5.11, we compare the joint constraints w0, γ obtained from three
cases, SKA1-Mid with a known bias, SKA1-Mid with an evolving bias and optical survey
with a known bias. The fact that SKA1-Mid survey with an evolving bias offers constraints
tighter than that of obtained from an optical survey with a full knowledge of the bias clearly
suggests that radio survey has far more constraining power. Fig. 5.11 also highlights the fact
that a good knowledge of the bias is crucial to constraining dark energy.
6This is for the optimistic case, for the pessimistic case, the constraint with fixed γ is still tighter than
that of with γ as a free parameter but both are a bit worse than that of optimistic case.
Section 5.2. Dipole modulation in Modified gravity Page 140
It is worth mentioning that in all our calculations leading to the Forecasts in Figs. 5.7, 5.8,
5.9, 5.10, 5.11, we have not used any priors from other experiments like Planck for example.
The reason is that we want to investigate whether the new statistical tool presented in this
Chapter is better than the one we used in the previous Chapter. However, by breaking the
degeneracy by combining with data sets from different experiments, the constraints presented
here will greatly improve.
5.2 Dipole modulation in Modified gravity
In order to explain the growth of structure and the acceleration of the expansion that the
universe has recently undergone, lots of efforts have been made towards finding new alter-
native theories of gravity without resorting to a cosmological constant Λ. Among the more
often used models is the Dvali-Gabadadze-Porrati (DGP) brane world [197, 198], where the
acceleration is induced by the gravity leaking off the 5-D Minkowski space-time. Another al-
ternative theory also consists of modifying the Einstein-Hilbert action by adopting a function
of the Ricci scalar f(R) instead of the Ricci scalar used in General Relativity (GR). A well
studied model of f(R) is the Hu and Sawicki model which was shown to respect the stringent
constraints in high density environment [199]. This f(R) model has the phenomenology of
ΛCDM as a limiting case.
In an attempt to distinguish GR from modified gravity, [200] developed a technique to
compute the non-linear power spectrum while taking into account the mechanism that allows
the model to recover GR on small scales.
Peculiar velocity which is directly related to density perturbations via the conservation equa-
tion is also an important tool to probe the growth of structure and the nature of Dark Energy.
In [165], by exploiting Doppler magnification, they obtained constraints on cosmological pa-
rameters that really look promising. Some previous works also highlighted how the use of
peculiar velocities can help detect any departure from GR. In Section 5.1, we have investi-
gated some departure from GR using the parametrisation
d lnD(a)
d lna = Ω(z)
γ. (5.70)
In [74], they investigated the viability of some modified gravity theory by resorting to mean
pairwise velocity.
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Our motivation in this section is to elaborate a new method that potentially allows us to
probe any modified gravity signature.
In this part of the work, we work within the parameterised post-Friedmann (PPF) framework
which was first introduced by [201]. It is a general approach which was developed to describe
the three regimes of modified gravity theories and consists of introducing a scale and time
dependent parameter η(k, z) relating the two Bardeen potentials and another parameter
µ(k, z) which modifies the standard Poisson equation in ΛCDM paradigm in order to control
the transition from quasi-linear regime to the non-linear one where GR should be recovered.
The theories covered by this parameterisation, like a cosmological constant with a negative
pressure, allows one to account for the late-time acceleration. We consider linear regime in
sub-horizon scales in all our calculations.
In § 5.2.1 we develop the formalism where we derive the velocity potential in PPF. We also
compute the suitable correlation function that allows us to constrain the parameters used in
the model via a Fisher forecast analysis. We present our predictions in § 5.2.5 and finally
conclude.
5.2.1 Velocity and growth suppression factor
Poisson’s equation from Einstein field equation is modified and the two Bardeens potentials
are no longer the same thus, for consistency, the velocity potential takes a new form accord-
ingly. In this section, we present the resulting expression of the velocity within the context
of PPF. In what follows, we assume that the expansion history is the same as ΛCDM and




−(1 + 2Ψ)dη2 + (1− 2Φ)dxidxi
]
. (5.71)
It is worth mentioning that from now on, we choose Ψ as the time-time component and Φ
the space-space component. Modifying Poisson’s equation consists of introducing a generic
function which is both scale and time dependent [179,202]
− k2Ψ = 4πGa2ρ̄µ(a, k)∆M , (5.72)
where ∆M is defined as the gauge invariant comoving density perturbation
∆M = δ + 3Hv/k. (5.73)
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and µ(a, k) is a function both scale and time dependent. The second modification is the
relationship between the two Bardeen potentials [179,202]
Φ = η(a, k)Ψ, (5.74)
η(a, k) being known as the gravitational slip. Exploiting the two conservation equations
(T µν;µ = 0)
δ′ = −kv + 3Φ′, (5.75)
v′ = −Hv + kΨ, (5.76)



























(k2 + 3(H2 −H′)) .
(5.77)
This expression involving the two generic functions is a bit complicated but on sub-horizon










One can clearly see that the ΛCDM version of the velocity is recovered by letting µ = 1











where primes here are derivatives with respect to ln(a). The growth suppression factor is
computed by solving Eq. (5.79) numerically. It is worth noting that, the modified quantities,
namely the velocity potential and the growth suppression factor are only dependent on
µ(a, k), therefore on small scales, we can only constrain the parameters used to define µ(a, k).
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5.2.2 Cross-correlation between galaxy overdensity and doppler
convergence
In order to constrain modified gravity using peculiar velocity, the approach consists of using
the cross-correlation of the Doppler magnification and galaxy number count as in ΛCDM
(see Eq. 5.1),
ξMG = 〈∆(n̂, z)κ(n̂′, z′)〉, (5.80)
where ∆(n̂, z) is the galaxy overdensity, κ(n̂, z) the Doppler convergence, z is the redshift
and n̂ is the unit vector pointing in the direction of observations. Here also, to leading order,
we choose
∆(n̂, z) = b · δ − 1
H
∂χ(V · n̂). (5.81)
Similar to the ΛCDM case, we only take into account the doppler term in the convergence.
Using ρ̄ = 3ΩmH20/(8πGa3) and Eq. (5.72), the density becomes







T (k)gMG(z, k)Ψ(k̂) (5.82)
where the subscript MG means modified gravity counterpart of a variable. Here T (k) is the
transfer function in ΛCDM since modified gravity, within this class of theories, comes into
play well after equality and gMG(z, k) is the growth suppression factor which is now both
scale and time dependent. Using Ψ(k̂, z) = T (k)gMG(k, z)Ψi(k̂) at linear order, the velocity
becomes
v(k̂, z) = GMG(k, z)T (k)Ψ(k̂). (5.83)













The correlation then reads
























× (GMG(k′, z′)T (k′)) 〈Ψ(k̂)Ψ(k̂′)〉.






















× (GMG(k, z′)T (k))PΨ(k).
Using the same approach as in the ΛCDM case (Section 5.1), we finally get the expression




























dk k2F1,2(k, z, z′)j`(kd) (5.88)
with ` = 1, 3 and
λ`(d) =
∫
dk k2F1(k, z, z′)j`(kd). (5.89)
where ` = 1. Here we have set














F1,2(k, z, z′) =
k
H
GMG(k, z)GMG(k, z′)T 2(k)PΨ(k). (5.91)
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It is noted that by setting µ = 1 in Eqs. (5.93),(5.94), we recover Eq. (5.41),(5.42) respec-
tively.
5.2.3 Parametrisation
In the phenomenological approach of modifying Einstein’s GR, there exists a variety of
functional forms of µ(k, a) but they all share the common feature of mimicking the apparent
acceleration of the cosmic expansion at both specific scales and times. In our analysis, whose
main objective is to highlight the great potential that our statistical tool provides in terms
of contraining modified gravity, we choose the following parametrisation derived from f(R)
theories [203]






where β1 is a dimensionless couplings, λ21 has length squared unit. We also consider another
type of parametrisation [204,205]
µ(a, k) = 1 + f1(a)
1 + c1(λH/k)2
1 + (λH/k)2 , (5.96)
where the time dependence f1(a) = E11ΩΛ(a). In the large scales limit we have µ ∼
1 + f1(a)c1 whereas for small scales µ ∼ 1 + f1(a). As pointed out in the papers of the
Planck collaboration [205], there is no significant difference in terms of constraint by adding
extra degree of freedom to account for the scale-dependence of this type of parametrisation,
therefore we follow their prescription by choosing a time dependent µ(a) i.e µ ∼ 1 + f1(a).
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Figure 5.12: Mean estimator of the dipole in modified gravity related to the parametrisation
in Eq. (5.95) at different redshifts: z = 0.15 (blue dashed), z = 0.25 (magenta dashed),
z = 0.35 (black dashed), z = 0.45 (cyan dashed). We choose the fiducial values s = 4,
β1 = 4/3 and log(β1λ21/Mpc2) = 4 and the bias b at each redshift bin is given in [3]. For
comparison, dipole in ΛCDM is also plotted at z = 0.15 (red dashed)
5.2.4 Estimator
In this analysis, we propose to use the same estimator as in ΛCDM which we recall
ξ̂MGdip (d) = aN
∑
ij
∆iκj cos βijδK(dij − d), (5.97)
for which the variance is the exact same form of Eq. (5.61). The only difference lies in
that the growth factor is in general both time and scale dependent, therefore we need to
recompute the cosmic variance C∆ for modified gravity. Thus, we first need give the following
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definitions to alleviate the notations
Tv(z, k) = GMG(k, z)T (k), (5.98)









T (k)gMG(z, k), (5.99)
so that
v(k̂, z) = Tv(k, z)Ψ(k̂), (5.100)
and
∆(k̂, z) = T∆(k, z)Ψ(k̂). (5.101)
We also let the cosine between the wavevector and the direction of observation
u = (k̂ · n̂). (5.102)
The correlator becomes
































Now further simplifying the notations
bMG(z, k) = bT∆(k, z), (5.105)










bMG(k, z) + fMG(k, z)u2
]2
P (k). (5.107)
After some algebra we obtain
C∆MG(dia, βia) = CMG0 (dia)− CMG2 (dia)P2(cos βia) + CMG4 (dia)P4(cos βia), (5.108)
































dkk2f 2MGP (k, z)j4(kdia). (5.111)
In Fig. 5.12, we plot the mean estimator of the dipole for modified gravity, the f(R) motivated
parametrisation in Eq. (5.95), at different redshifts. As expected, the amplitude of the signal
drops with an increasing redshift. We can see that at the same redshift, the dipole in ΛCDM
(red dashed in Fig. 5.12) is more enhanced at small and moderate scales than that of f(R).
5.2.5 Forecasts
We consider the same radio survey SKA1-Mid with five tomographic bins in redshift and
assume that the bias is completely known. The range of separation d is also 12 ≤ d ≤ 180
Mpc/h so as to avoid non-linearities. We also select two values of the uncertainty in the
size measurement σκ = 0.3, 0.8. In the first parametrisation Eq. (5.95), we consider the
f(R) motivated case where the fiducial values7 of the free parameters {s, λ21, β1} are s = 4,
β1 = 4/3 and log(β1λ21/Mpc2) = 4. We obtain the 68% (blue for the optimistic case and
light red for the pessimistic case) and 95% (light blue for the optimistic case and red for the
pessimistic case) confidence contours in Fig. 5.13. In general, the constraints are comparable
- if not tighter - to those obtained in [203]. This exhibits the constraining power of our
statistical tool.
As for the second parametrisation in Eq. (5.96), the free parameters to constrain are {h,Ωm,Ωb,
A10, E11} whose fiducial values are those of ΛCDM: h = 0.68,Ωm = 0.3028,Ωb = 0.048, A10 =
1.93, E11 = 0.0. For the optimistic case and the pessimistic case we find the marginalised
errors on E11 are σE11 = 0.19 and σE11 = 0.51 respectively which are consistent with the
results of Planck [205]. In Fig. 5.14, we plot the error contours for 68% and 95% confidence
levels.
7Ideally, to look for any departure from GR, one wants to constrain {s, λ21, β1} by choosing their corre-
sponding GR values as fiducial ones but this turns out to be quite hard to deal with.
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Figure 5.13: Joint constraints between all the free parameters in the parameterisation defined
in Eq. 5.95. Here we consider radio survey, SKA1-Mid (see text) and five redshift bins for
our analysis. The bias is assumed to be completely known. The blue ellipses are for the
optimistic case σκ = 0.3 (68% blue and 95% light blue) and the red ones are for σκ = 0.8
(68% light red and 95% red)
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Figure 5.14: Joint constraints between all the free parameters in the model Eq. (5.96). Here
we consider radio survey, SKA1-Mid (see text) and five redshift bins for our analysis. The
bias is assumed to be completely known. The blue ellipses are for the optimistic case σκ = 0.3
(68% blue and 95% light blue) and the red ones are for σκ = 0.8 (68% light red and 95%
red)
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5.3 Conclusions
In this Chapter, we have proposed a new way to measure the Doppler magnification which is
a lensing-like effect arising from peculiar motions of objects. The technique developed in this
Chapter is different from the one proposed in Chapter 4 in that it extracts the dipole signal
that results from the angle dependence of the cross-correlation between a galaxy number
count and all the sizes of objects located at a distance d from it.
In our approach, we have computed the full-sky cross-correlation between galaxy number
count which to leading order includes the matter fluctuations and the redshift space distortion
term; and the Doppler term - used as proxy for size of object - which is the dominant term
of the cosmic convergence at low and intermediate redshifts. We have shown that in the
distant observer approximation, the correlator is composed of a dipole term and an octupole
term.
We have then proposed new estimators of both the dipole and octupole and found that
the dipole contribution is roughly one order of magnitude larger than that of the octupole.
Therefore we have decided to only focus on the dipole.
After calculating the variance of the signal where the correlation between bins in separation
has been properly taken into account, we have computed the signal to noise ratio for optical
(SDSS, LOWz and CMASS) and future radio (SKA1-Mid) surveys. With relatively large
S/N ’s, it has been concluded that for both types of survey the Dipole magnification can be
detected, which looks really promising.
Equipped with our new statistical tool, we have also carried out Fisher forecasts analyses
to constrain cosmological parameters in the ΛCDM paradigm. Choosing both optical and
radio surveys, we have identified cases where the bias b is unknown, completely known and
evolving. Cases with both fixed and varying growth index γ have been considered as well.
All our results depend on the uncertainty of the size measurements where for simplicity two
values have been chosen, σκ = 0.3, 0.8 (optimistic case and pessimistic one respectively).
For optical surveys, by assuming that the bias is known with the growth index fixed, the
constraint on dark energy w0 is relatively good with a marginalised error of σw0 = 0.13 for
the optimistic case. Whereas with the case where the bias is a free parameter, it is quite hard
to constrain w0. As expected, by adding γ as a free parameter, the constraints gets looser
than the case where it is fixed. For radio survey, similar to the optical case, the constraints
get better or worse according to both our knowledge of the bias and whether we choose γ as
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a free parameter. We have also adopted an evolving bias while allowing some departure from
GR for the radio survey and found that the constraint on dark energy is comparable to that
of optical surveys with known bias and fixed γ. The constraining power of the future radio
survey SKA1-Mid will still strongly depend on both how precise the size measurements are
in the near future and the knowledge of the bias.
In addition, we have investigated the possibility of constraining some modified gravity models
with this new correlator. For our purposes, we have considered parametrised models that
account for the late time acceleration of the cosmic expansion by introducing some functional
forms µ(k, a) which modify the Poisson equation and the relation between the two Bardeen
potentials, time-time and space-space components.
We have first derived the new form of the velocity potential while assuming sub-horizon
scales then computed the modified growth suppression factor using the Bardeen equation.
Then we have calculated the expression of the cross-correlation function in the modified
gravity context. We have chosen a f(R) motivated parametrisation where µ(k, a) is both
scale and time dependent and another parametrisation - dark energy related - where µ(a) is
only time dependent.
The form of the estimator in the modified gravity case is the same as in the ΛCDM case.
However with the modified growth factor, the computation of the cosmic variance C∆ has
been required.
In our Fisher forecast analyses, we have only considered SKA1-Mid experiment. In the first
parametrisation in which there are three free parameters whose fiducial values have been
chosen from [203], we have found that the constraints are comparable or even tighter than
those obtained in [203]. For the second parametrisation, we have five free parameters whose
fiducial values are those of GR. Our results are consistent with those obtained in Planck.
We can conclude that our new statistical tool offers a great potential which will help us
better understand the structure growth and the nature of gravity. In the near future where
the size measurements of objects will be greatly improved and the knowledge of the bias will
be more precise, the constraining power of this new probe will reach its maximum.
Chapter 6
General conclusion
6.1 Summary and discussions
In general, when interpreting weak lensing data, the cosmic convergence is often approx-
imated by the standard gravitational lensing – the line of sight integration of the density
fluctuations. However, with the future advanced experiments like Euclid and SKA, where
measurements will be achieved with an unprecedented precision, full analyses of those future
data should be done carefully. Precisely our motivation in this thesis, where we have looked
at some general relativistic contributions to weak lensing convergence, is to investigate under
which conditions the approximation κ ≈ κg is valid and see whether the relativistic treat-
ment of the cosmic convergence – crucial to future weak lensing experiments – will offer us
a new way to probe the structure growth and address the dark energy problem.
In Chapter 2, we have looked at the cosmological perturbation theory, foundation of modern
cosmology. We have seen how gauge invariant quatities, which are what we observe, can
be constructed and the physics of how the second-order vector modes and tensor modes are
generated. The basics of gravitational lensing, where we have looked at the physics of lensing
phenomena and the detailed derivation of the standard lensing formula, has been very useful
to us.
In Chapter 3, we have presented the non-linear relativistic contributions of the secondary
vector and tensor modes to weak lensing convergence. Early work has considered the effects
of these two modes on the polarisation of the Cosmic Microwave Background [81]. We have
worked in Poisson gauge, by only considering first order scalar perturbation and second-
order vector and tensor perturbations – a reasonable choice since we have only focused on
scalar induced secondary modes. using SVT decomposition and assuming that the Born
approximation still holds at second order, we have first derived a formalism which allows
us to compute the angular power spectra of these second order effects. For the sake of
completeness, we have also computed first order contributions, such as Sachs-Wolfe and In-
tegrated Sachs-Wolfe and velocity term, in our analyses. We have found that the secondary
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vector modes contribution to the convergence is small compared to that of the standard
formula κg and although the secondary tensor modes can dominate primordial gravitational
waves [118], their effect on weak lensing can be completely neglected. What is quite inter-
esting in our findings is the fact that, despite its relatively small contribution to the cosmic
convergence, the frame dragging effect, a second order quatity, can dominate first order term
like the Doppler term at high redshift; it also prevails over both ISW and SW terms above
` ≥ 50. This then suggests that for observations, the secondary modes effects and the two
Sachs-Wolfe terms can be safely neglected.
In Chapter 4, we have carried out a careful analysis of the effect of the Doppler term κv,
dubbed Doppler lensing/magnification, on weak lensing convergence. Doppler magnification
is not like the standard integrated effect of gravitational lensing, but its effect on the mag-
nification of objects arises from the line of sight peculiar velocity which affects the observed
redshift in such a way that by using the distance-redshift relation, the distance of an object is
underestimated or overestimated – according to whether the line of sight velocity is pointing
away or towards the observer respectively. We have first looked at how the Doppler term
arises in the area distance anisotropies (see also [76,90,91]). We have seen that the Doppler
term is more significant than the standard lensing term at low redshift on large scales (see
Fig. 4.2). In order to isolate the effect of the peculiar velocity on weak lensing at low redshift,
we have then computed the cross-correlation function between the size of objects – used as
a proxy for the velocity – with galaxy over-densities and the Doppler convergence auto-
correlation. We have compared our theoretical predictions with simulated measurements
and found that they are roughly the same but the discrepancies can be accounted for by the
fact that in our calculations we have neither considered non-linear velocity field nor taken
into account the slope effect. The key point in our analysis is our ability to turn this Doppler
effect, considered as systematics to be accounted for in supernova survey (see [91–93]) into
a useful signal. We have then conducted a Fisher forecast analysis, by considering a specific
geometrical configuration and three different types of surveys namely DES-like, Euclid-like
and SKA-like surveys, to constrain cosmological parameters. Without using any priors in our
analysis, our results suggest that our statistical tool can be used to study structure growth
and dark energy, with a marginalised error on dark energy σw0 = 0.13. In addition, we have
shown that the Doppler magnification also offers us a new way of mapping the velocity field
of galaxies at low and intermediate redshifts.
In an attempt to further analyse the effect of peculiar velocity on weak lensing and measure it
in a different way, we have built up a new statistical tool by considering another geometrical
configuration in Chapter 5. Unlike in the Chapter 4, we have looked at the dependence
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of the cross-correlation function, between the size of objects located at a distance d away
from an over-density ∆, which gives rise to a dipole signal. In our formalism, we have only
considered the matter fluctuations and the redshift space distortion term in the expression
of the galaxy number counts, and the Doppler term κv for the cosmic convergence, sufficient
enough for our purposes. We have computed the full sky expression of the cross-correlation
function and found that for a distant observer approximation it is composed of a dipole
term and an octupole term. We have then proposed an estimator for each of them but after
comparing the two terms we have found that the dipole term is relatively large, by one order
of magnitude, compared to the octupole which we have therefore neglected in the remaining
analysis. By considering three optical surveys, SDSS, LOWz and CMASS, and the future
radio survey SKA1-Mid, we have shown that a direct detection of the Doppler magnification
is possible, with a reasonably good signal to noise ratio. In our Fisher forecast analyses, we
have adopted several cases where we have treated the bias as a free parameter, evolving or
completely known in each redshift bin. We have also looked at the cases where a departure
from GR is allowed – treating the growth index γ as a free parameter. Since our calculations
depend on the value of the uncertainty of size measurements σκ we have opted for two
extreme cases; the pessimistic case with σκ = 0.8 and the optmistic case with σκ = 0.3. As
expected, constraints on cosmological parameters (here for ΛCDM model) get worse as the
number of free parameters increase, e.g γ fixed with a known bias gives σw0 = 0.13 against
γ as free parameter with known bias giving σw0 = 0.63 (for optical surveys and optimistic
case). Considering SKA1-Mid, we have obtained strong constraints on dark energy with
σw0 = 0.04 (optimistic case) comparable to current constraints from other experiments like
Planck for example. As a whole, the constraining power of SKA1-Mid is much better than
those optical surveys.
In addition to that, in Chapter 5, we have investigated the possible constraints we can put
on some parametrised models of modified gravity. At small scales, a both time and scale
dependent function µ(k, a) is then introduced in Poisson equation to account for the apparent
late time acceleration of the expansion of the universe. We have selected the functional forms
prescribed in [203], f(R) motivated model, and [204], dark energy related model. In order to
recompute the dipole estimator in modified gravity, the modified velocity has been computed.
In our Fisher forecasts, where again both pessimistic and optimistic cases are considered, we
have found that the constraints obtained for f(R) model are tighter than those from [203].
For the dark energy related model, our results are consistent with those obtained in Planck.
We have found in the Doppler magnification a novel way, with great potential, to better
understanding the nature of dark energy and gravity. There is still a variety of applications
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which will allow us to corroborate all these results we have found so far, such as simulations,




How significantly would our current results change by taking into account the non-linear
velocity? We expect that accounting for non-linearities of the velocity, using one-loop cor-
rections to the power spectrum which are more accurate [206], will reduce considerably the
discrepancies between the simulated measurements and our theoretical calculations.
Relativistic ray-tracing simulation
Usually in a weak lensing simulation which consists of tracing the light ray propagation
from the observer to the source. It was pioneered by [207–209] and has been an incredible
tool to both do predictions and interpret the measurements. The cumulated deflections and
distortions along the light path will help us understand the distribution of the intervening
matter between the observer and the source. We can study the influence of implementing
corrections (first and second order) to the standard gravitational lensing in a ray-tracing
simulation.
HI intensity mapping
HI intensity mapping [210, 211] consists of measuring the total emission of the neutral hy-
drogen, which is mostly found in galaxies, via the spin-flip transition at a rest wavelength of
21 cm without having to resolve the individual galaxies in large angular scales. The great
potential of HI intensity mapping in cosmology has been examined [211–214]. A variety of
studies has already looked into the possibilities of measuring the lensing of HI [213] by taking
into account the discreetness of galaxies. We can then make use of the Doppler magnification
and constraining power of HI to analyse the structure formation. This, we believe, will give
stronger constraints on the cosmological parameters. There are many possibilities but one
approach could be for example the cross-correlation between size of HI blobs with galaxy
number counts.
Appendix A
Useful relations and functions
A.1 Spherical harmonics
Any quantities on the screen space (or 2 sphere) can be decomposed as functions of the
spherical harmonics which are the basis functions, the eigenfunctions of the 2 dimensional










Y m` = −`(`+ 1)Y m` . (A. 1)
The conjugate of a spherical harmonic is
Y ∗`m(θ, ϕ) = (−1)mY` −m(θ, ϕ) = Y`m(θ,−ϕ), (A. 2)






dθ sin θY ∗`m(θ, ϕ)Y`′m′(θ, ϕ) = δ``′δmm′ . (A. 3)






where the f`m are the coefficients of the expansion. A plane wave for example can be
decomposed in spherical harmonics as
exp(ik · x) = 4π
∑
`m
i`j`(kx)Y`m(k̂)Y`m(x̂) , (A. 5)
where the j` are the spherical Bessel functions whose definition will be given below and
k̂ = (θk, ϕk), x̂ = (θx, ϕx). A very useful relation, needed in the computation of vector and
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A.2 Spherical Bessel function
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They also satisfy the property
j`(x)
x2












+ `(`+ 1)f = 0, (A. 15)






′ . (A. 16)






(x2 − 1)`, (A. 17)
for example for ` = 0, 1, 2 we have
P0 = 1, (A. 18)




2 − 1). (A. 20)
Appendix B
Angular power spectra of some first
order quantities
B.1 Doppler term





[g(η)′ +Hg(η)]∂iΨ. (B. 1)
Then decompose the gravitational potential in Fourier mode as in Eq. (2.98), with the



















ni∂i (exp(ik · x)) = 4π
∑
`m
i`kj′`(kχ)Y`m(k̂)Y`m(n) , (B. 3)
with a prime on the spherical Bessel function denoting the derivative with respect to its
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Pv(k, χ, χ′)δ``′δmm′ (B. 6)
with
Pv(k, χ, χ′) ≡ k2PΨ(k, χ, χ′) (B. 7)
and where



















Pv(k, χ, χ′)j′`(kχ)j′`(kχ′) . (B. 9)
Since PΨ(k, χ, χ′) = PΨi(k)T̃ (k, χ)T̃ (k, χ′) with
T̃ (k, χ) = T (k) [g′(χ) +Hg(χ)]
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. (B. 10)
B.2 Integrated Sachs-Wolfe term
As discussed in the text, the Integrated Sachs-Wolfe terms also contribute to the cosmic




dχ ĝisw1(χ)Ψ′(n, χ) + 2
∫ ∞
0
dχĝisw2(χ)Ψ(n, χ) (B. 11)
with both ĝisw2 and ĝisw1 defined in the text. The harmonic expansions of both the first and






















It follows that the correlator contains three terms
〈κisw`mκisw
∗
`′m′〉 = 〈κisw1`m κisw1
∗
`′m′ 〉+ 〈κisw2`m κisw2
∗
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PΨ(k, χ, χ′) = PΨi(k)Tisw1(k, χ)Tisw1(k, χ′)
and
Tisw1(k, χ) = T (k)g′(χ)
g′(χ) being the derivative of the growth suppression factor with respect to conformal time
η. The second term that constitutes to the correlator
〈κisw2`m κisw2
∗














PΨ(k, χ, χ′) = PΨi(k)Tisw2(k, χ)Tisw2(k, χ′)
and
Tisw2(k, χ) = T (k)g(χ).
And the last term yields
〈κisw1`m κisw2
∗














PΨ(k, χ, χ′) = PΨi(k)Tisw1(k, χ)Tisw2(k, χ′).
So, the total contribution of the Integrated Sachs-Wolfe term (C isw` ) to the convergence is
thus given by the sum of each C ′`s extracted from each of the terms that composes the
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correlator i.e






` . (B. 18)
B.3 Sachs-Wolfe term
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Extracting Csw` from (B. 22) is straightforward.
Appendix C
Correlation function
C.1 Gravitational lensing convergence
The standard gravitational lensing term is given by the first line of Eq. (4.9). The second
line of Eq. (4.9) follows under the approximations ∇2⊥ ≈ ∇2 and ∇2Ψ = 3H20 Ωmδ/(2a),
which are based on the sub-Hubble limit of Eqs. (4.8) and (2.90) respectively. With


















On sub-Hubble scales we can neglect all terms on the right after the first. On these scales,
the Poisson equation (2.90) reduces to its Newtonian form, since we can neglect the Φ and
Φ′ terms. This then leads to the usual lensing magnification in the second line of Eq. (4.9)
– as an integral over the density contrast along a line of sight.
C.2 Auto-correlation Cκvκv`
The Doppler lensing power spectrum Cκvκv` has already been calculated in B.1, except that
here we introduce some weight functions which take into account the geometry of the survey.
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where we have again used Eq. (2.99). The fact that we use two different window functions
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